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What is grokking(顿悟 )?

• long after severely overfitting,

•  validation accuracy sometimes 
suddenly begins to increase from 
chance level toward perfect 
generalization. 

• We call this phenomenon 
“grokking”.

-- (OpenAI) Grokking: Generalization beyond Overfitting on Small Algorithmic Datasets 



Why do we study grokking?

• Do neural networks memorize or generalize?

• Can we predict grokking through some smoother metrics?



Progress Measures for Grokking via 
Mechanistic Interpretability

Neel Nanda,  Lawrence Chan, Tom Lieberum, Jess Smith, Jacob Steinhardt



set up and background
•  



set up and background - model
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Networks trained on this task consistently exhibit grokking!

• Stage 1: The networks first overfit the training set: train accuracy quickly 
converges to 100% and the train loss quickly declines, while the test accuracy 
remains low and the test loss remains high.

• Stage 2: After around 10, 000 epochs, the network generalizes and test 
accuracy increases to near 100%.



Hypothesis: fourier multiplication algorithm

1.

2.

3.



Reverse engineering a one-layer transformer

• Evidence 1: periodic structure in weights and activations

• Evidence 2: actual mechanisms implemented in the model weights

• Evidence 3: zoom in to individual neurons 

• Evidence 4: use ablations to confirm that the interpretation is faithful
• replace various components of the model by the components of the Fourier 

multiplication algorithm and find that doing so consistently does not harm and 
sometimes even improves model performance



Evidence 1: periodicity
•  

 



Evidence 1: periodicity
• periodicity in the embeddings
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Evidence 1: periodicity
• periodicity in attention heads and MLP neuron activations

• periodicity in logits



Evidence 2: mechanism 
•  

 



Evidence 2: mechanism 
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Evidence 2: mechanism 
•  



Evidence 2: mechanism 
•  



Evidence 2: mechanism 
•  



Evidence 3: individual neurons

• Most MLP neurons approximately compute a degree-2 polynomial of a single frequency.

• Out of 512 total neurons, 433 (84.6%) have over 85% of their variance explained with a 
single frequency.



Evidence 3: individual neurons

•  

 



Evidence 4: ablations
•  

• We take a 2D DFT on the 113 · 113 · 113 
logit matrix over all 113 · 113 pairs of inputs 
to get the logits in the Fourier basis, then set 
various frequencies in this basis to 0.

• Ablating any key frequency causes a 
significant increase in loss. In contrast, 
ablating other frequencies does not hurt the 
model at all.



Understanding Grokking Behavior via Progress Measures
•  



Understanding Grokking Behavior via Progress Measures

•  



Phase of Grokking
• memorization 

• (epochs 0-1.4k)
• excluded loss ↓
• train loss ↓
• restricted loss →
• gini coefficient →

• circuit formation 
• (epochs 1.4k-9.4k)
• excluded loss ↑
• train, test loss →
• restricted loss ↓
• sum of squared weights ↓

• cleanup
• (epochs 9.4k-14k)
• excluded loss →
• restricted loss ↓
• test loss ↓↓
• sum of squared weights ↓
• gini coefficient ↑↑



Grokking and Weight Decay

• smaller amounts of weight decay causes the network to take significantly longer to 
grok

• our networks do not grok on the modular arithmetic task without weight decay or some 
other form of regularization

• the amount of data affects grokking
• when networks are provided with enough data, there is no longer a gap between the train 

and test losses

 both regularization and limited data are necessary for grokking



The Clock and the Pizza: Two Stories in 
Mechanistic Explanation of Neural Networks

Ziqian Zhong, Ziming Liu, Max Tegmark, Jacob Andreas



Is the way mentioned in the last paper the 
unique way to implement modular addition in 
neural networks?

the only solution?



Modular Arithmetic and the Clock Algorithm

•  



Review of the Clock Algorithm



Review of the Clock Algorithm

• Crucial to this algorithm is the fact that the attention mechanism can 
be leveraged to perform multiplication. 

 What happens in model variants when the attention mechanism is 
absent, as in Model A? 

• Maybe a different algorithm…



First Evidence for Clock Violation: Gradient Symmetricity

•  



First Evidence for Clock Violation: Gradient Symmetricity

•  



Second Evidence for Clock Violation: Logit Patterns

•  



An Alternative Solution: the Pizza Algorithm





key difference

• key difference - what non-linear operations are required: 
• Clock requires multiplication of inputs in Step 2, 
• while Pizza requires only absolute value computation, which is easily 

implemented by the ReLU layers.
 If neural networks lack inductive biases toward implementing multiplication, 
they may be more likely to implement Pizza rather than Clock.



First Evidence for Pizza: Logit Patterns

•  



Second Evidence for Pizza: Clearer Logit Patterns via Circle Isolation

•  



Second Evidence for Pizza: Clearer Logit Patterns via Circle Isolation

•  



Third Evidence for Pizza: Accompanied & Accompanying Pizza

•  



Third Evidence for Pizza: Accompanied & Accompanying Pizza

• In the experiment, we found that pizzas #1/#2/#3 all have accompanying pizzas, which we call 
pizzas #4/#5/#6. 

• However, these accompanying pizzas do not play a significant role in final model predictions.
• Accompanied pizzas #1/#2/#3 can achieve 99.7% accuracy, but accompanying pizzas #4/#5/#6 can only achieve 

16.7% accuracy.



The Algorithmic Phase Space

•  



Phase Transition Results

•  



Phase Transition Results
• The Pizza and the Clock algorithms are the dominating algorithms with circular 

embeddings.

• Two-dimensional phase change observed for attention rate and layer width.

• Dominance of linear layers determines whether the Pizza or the Clock algorithm is 
preferred.
• The Clock algorithm dominates when the attention rate is higher than the phase change point, and the 

Pizza algorithm dominates when the attention rate is lower than the point. 
• The phase change point gets higher when the model width increases.
• explanation: When the model gets wider, the linear layers become more capable while the attention 

mechanism receive less benefit (attentions remain scalars while outputs from linear layers become wider 
vectors). The linear layer therefore gets more prominence with a wider model.



Conclusion
• Progress Measures for Grokking via Mechanistic Interpretability
• how clock algorithm is implemented
• inspiration: look for periodicity structure in model weights / activations for 

circular tasks
• grokking comes with weight decay

• The Clock and the Pizza: Two Stories in Mechanistic Explanation of 
Neural Networks
• clock algorithm is not the only solution
• neural networks can shift from one solution to another as hyperparameters 

change



Future directions

• more realistic settings?
• tasks – beyond modular addition
• transformer with tokenization
• transformer with multi-layer architecture
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