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Complexity of Transformer

• Self-Attention

1. 𝑥 → 𝑄,𝐾, 𝑉
𝑥𝑊𝑄: 𝑁, 𝑑 × 𝑑, 𝑑 → [𝑁, 𝑑]

computation = 3 ∗ 𝑁𝑑2

2. 𝑄𝐾𝑇

: 𝑁, 𝑑 × 𝑑,𝑁 → [𝑁,𝑁]

computation = 𝑁2𝑑

3. 𝑠𝑐𝑜𝑟𝑒 ⋅ 𝑉
: 𝑁,𝑁 × 𝑁, 𝑑 → [𝑁, 𝑑]

computation = 𝑁2𝑑

4. 𝑠𝑜𝑓𝑡𝑚𝑎𝑥
𝑄𝐾𝑇

𝑑
⋅ 𝑉 ⋅ 𝑊𝑜

: 𝑁, 𝑑 × 𝑑, 𝑑 → [𝑁, 𝑑]

computation = 𝑁𝑑2
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• FFN

1. 𝑥𝑜𝑢𝑡𝑊1

: 𝑁, 𝑑 × 𝑑, 4𝑑 → [𝑁, 4𝑑]

computation = 4𝑁𝑑2

2. 𝜎(𝑥𝑜𝑢𝑡𝑊1)𝑊2

: 𝑁, 4𝑑 × 4𝑑, 𝑑 → [𝑁, 𝑑]

computation = 4𝑁𝑑2

notation: sequence length 𝑁; hidden dimension 𝑑

total: 𝟒𝑵𝒅𝟐 + 𝟐𝑵𝟐𝒅

total: 𝟖𝑵𝒅𝟐

SA + FFN: 12𝑁𝑑2 + 2𝑁2𝑑

when 𝑵 > 𝟔𝒅 (in GPT2-small, d=768), 𝑁2 term 
makes more contribution.

Intuition: only when 𝑁 increases to a certain amount 
will 𝑁2 complexity truly matter.

computation of 𝐴 ∈ ℝ𝑎×𝑏 × 𝐵 ∈ ℝ𝑏×𝑐 is 𝑎𝑏𝑐



Linear Transformer

• Self-Attention (original)

1. 𝑥 → 𝑄,𝐾, 𝑉
𝑥𝑊𝑄: 𝑁, 𝑑 × 𝑑, 𝑑 → [𝑁, 𝑑]

2. 𝑄𝐾𝑇

: 𝑁, 𝑑 × 𝑑,𝑁 → [𝑁,𝑁]

computation = 𝑁2𝑑

3. 𝑠𝑐𝑜𝑟𝑒 ⋅ 𝑉
: 𝑁,𝑁 × 𝑁, 𝑑 → [𝑁, 𝑑]

computation = 𝑁2𝑑

…
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notation: sequence length 𝑁; hidden dimension 𝑑

step2&3: 2𝑁2𝑑

• Self-Attention (linear)

1. 𝑥 → 𝑄,𝐾, 𝑉
𝑥𝑊𝑄: 𝑁, 𝑑 × 𝑑, 𝑑 → [𝑁, 𝑑]

2. 𝐾𝑇𝑉
: 𝑑,𝑁 × 𝑁, 𝑑 → [𝑑, 𝑑]

computation = 𝑑2𝑁

3. 𝑄(𝐾𝑇 𝑉)
: 𝑁, 𝑑 × 𝑑, 𝑑 → [𝑁, 𝑑]

computation = 𝑑2𝑁

…

step2&3: 2𝑁𝑑2

• Due to low rank bottleneck, 

normally 𝑑𝑙𝑖𝑛𝑒𝑎𝑟~4𝑑𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙.

• original: 

2𝑁2𝑑𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
• linear: 

2𝑁 4𝑑𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
2
~32𝑁𝑑𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙

• When 𝑵 > 𝟏𝟔𝒅𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍, linear 

attention may work.



Efficiently Modeling Long Sequences with Structured State Spaces

Albert Gu, Karan Goel, and Christopher Re, 2022.8.5
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Motivation

• What features are required for good sequence modeling?
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Motivation

• continuous state space: originate from continuous state space model

• long-range dependencies: special initialization and parameterization

• computation efficiency: leverage RNN and CNN forms

• existing 3 paradigms for time series:

pros cons

recurrence in principle have unbounded context;

efficient inference (constant-time state updates)

slow to train (lack of parallelizability);

vanishing/exploding gradient problem

convolution local, interpretable features;

efficient training (parallelizable)

slow in autoregressive settings (has to recompute 

over entire input for every new datapoint);

fixed context size

continuous-time

(e.g. Neural ODE)

automatically handles continuous data extremely slow at both training and inference
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Overview

• A key feature of the SSM is that it has three different representations, which 
allows it to be viewed (and computed) as a continuous-time, recurrent, or 
convolutional model.
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The Continuous-Time Representation

• main representation:  learns how to map an input 
𝑢(𝑡) to an output 𝑦(𝑡) through an intermediate state 
𝑥(𝑡)

• Note that this representation is mostly theoretically; 
we won't be receiving data in the form of closed-
form functions so we can't directly apply this 
representation. However, this is the base form from 
which the others will be computed, and offers the 
most intuition into the model's behavior.
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Computing the SSM with Recurrence

• Real data is discrete, so what we want from a sequence model is to be able to 
transform an input 1-D discrete sequence (instead of a continuous input signal 𝑢(𝑡))

• ҧ𝐴, ത𝐵, ҧ𝐶, ഥ𝐷 have simple closed formulas in terms of the base parameters  𝐴, 𝐵, 𝐶, 𝐷. 
There are many valid formulas, here we use ‘bilinear transformation’:
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ҧ𝐴 ∈ ℝ𝑁×𝑁,
ത𝐵 ∈ ℝ𝑁×1,
ҧ𝐶 ∈ ℝ1×𝑁,
ഥ𝐷 ∈ ℝ.

𝑥𝑘 ∈ ℝ𝑁×1,
𝑢𝑘 ∈ ℝ ,
𝑦𝑘 ∈ ℝ .



Computing the SSM with Recurrence: Multiple discretization
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1. differential limitation 2. bilinear transformation 3. zero-order hold (used in mamba) 

ҧ𝐴 = Δ𝐴 + 𝐼
ത𝐵 = Δ𝐵



Computing SSM with Convolutions

• compute with recurrence:

• unroll:

• By extracting these coefficients into what we call the SSM kernel ഥ𝐾

𝑦 = 𝑢 ∗ 𝑘
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Computing SSM with Convolutions
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Notice the notation change: 

here the input is 𝑥



Addressing Long-Range Dependencies with HiPPO

• Now an SSM layer can be used either as an RNN or a CNN

• two problems remaining:

• the randomly initialized SSM actually does not perform very well (mainly due to  
vanishing/exploding gradients problem)

• computing it naively like we’ve done so far is really slow and memory inefficient

• To solve long-range dependencies, initialize the transition matrix 𝐴 as HiPPO
Matrix

• intuition: this matrix aims to compress the past history into a state that has enough information 
to approximately reconstruct the history

Previous work found that simply modifying an SSM from a random matrix 𝐴 to HiPPO

improved its performance on the sequential MNIST classification benchmark from 60% to 

98%.
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Fast Calculation of Kernel

1. SSM Generating Functions

To address the problem of computing powers of ҧ𝐴, instead of computing the SSM convolution 
filter directly, we introduce a generating function on its coefficients and compute evaluations of it.
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Fast Calculation of Kernel

1. SSM Generating Functions: change power to inverse

2. Diagonal Plus Low-Rank (DPLR)
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for all 𝑧 ∈ Ω𝐿, 𝑧𝐿 = 1= *

Parameters for S4: 𝚲, 𝑩, 𝑪, 𝑷, 𝑸, 𝟓𝑵 parameters



Turning HiPPO to DPLR

1. HiPPO: Normal Plus Low-Rank (NPLR)

2. NPLR ~ DPLR in SSM
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Theoretical Efficency
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Performance
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Resurrecting Recurrent Neural Networks for Long Sequences

Google 2023.3.11
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Linear RNN

• An classical RNN layer with 𝑁-dimensional hidden states:

• let (𝑢1, 𝑢2, ⋯ , 𝑢𝐿) be a sequence of 𝐻𝑖𝑛-dimensional inputs

• 𝑥𝑡 = 𝜎 𝐴𝑥𝑘−1 + 𝐵𝑢𝑘 , 𝑦𝑘 = 𝐶𝑥𝑘 + 𝐷𝑢𝑘
• learnable parameters: 𝐴 ∈ ℝ𝑁×𝑁, 𝐵 ∈ ℝ𝑁×𝐻𝑖𝑛 , 𝐶 ∈ ℝ𝐻𝑜𝑢𝑡×𝑁, 𝐷 ∈ ℝ𝐻𝑜𝑢𝑡×𝐻𝑖𝑛

• If 𝜎 is the identity function, then we say the RNN layer is linear.

• Surprisingly, linear RNNs are performant with when coupled with nonlinear MLP 
or GLU blocks
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Diagonalization

𝑥0 = 𝐵𝑢0, 𝑥1 = 𝐴𝐵𝑢0 + 𝐵𝑢1, 𝑥2 = 𝐴2𝐵𝑢0 + 𝐴𝐵𝑢1 + 𝐵𝑢2, ⋯

𝑥𝑘 = ෍

𝑗=0

𝑘−1

𝐴𝑗𝐵𝑢𝑘−𝑗

• 𝐴 ∈ ℝ𝑁×𝑁 is diagonalizable in complex field, i.e. 𝐴 = 𝑃Λ𝑃−1

𝑥𝑘 = ෍
𝑗=0

𝑘−1

Λ𝑗 ത𝐵𝑢𝑘−𝑗

• where Λ = 𝑑𝑖𝑎𝑔 𝜆1, ⋯ , 𝜆𝑁 , 𝑥𝑘 = 𝑃−1𝑥𝑘 , 𝐵 = 𝑃−1𝐵.

• Then the output can be calculated as 𝑦𝑘 = ℜ 𝐶𝑥𝑘 + 𝐷𝑢𝑘, where 𝐶 = 𝐶𝑃−1

• 𝜆𝑗 < 1 for all j to ensure stability
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Parameterization

𝑥𝑘 = ෍
𝑗=0

𝑘−1

Λ𝑗 ത𝐵𝑢𝑘−𝑗

where Λ = 𝑑𝑖𝑎𝑔 𝜆1, ⋯ , 𝜆𝑁 , 𝑥𝑘 = 𝑃−1𝑥𝑘 , 𝐵 = 𝑃−1𝐵.

1. real and imaginary parameterization: Λ = 𝑟𝑒𝑎𝑙 + 𝑖 ⋅ 𝑖𝑚𝑎𝑔,

2. exponential parameterization: Λ = 𝑑𝑖𝑎𝑔(exp(−𝜈 + 𝑖𝜃)),

3. stable exponential parameterization: 𝜆𝑗 = exp(− exp 𝜈𝑗
𝑙𝑜𝑔

+ 𝑖𝜃𝑗)

• optimize 𝜈𝑙𝑜𝑔 ∈ ℝ𝑁

• enforce stability, enforcing 𝜈 to be positive so that 𝜆𝑗 ≤ 1
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Initialization

23



Initialization

• recover the spectrum of Glorot initialization by setting 𝑟min = 0 and 𝑟max = 1
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Normalization
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according to 𝑥𝑘 = σ𝑗=0
𝑘−1Λ𝑗 ത𝐵𝑢𝑘−𝑗

let 𝐵 = 1, Λ = 𝜆

Additionally, note that as 𝜆 approaches 1, 

1 − 𝜆 2 → 0, parameterize as exp 𝛾𝑙𝑜𝑔



Architecture & Performance

• recover the efficiency and performance of SSMs (e.g. S4) using RNNs 
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Mamba: 
Linear-Time Sequence Modeling with Selective State Spaces

Albert Gu and Tri Dao 2023.12.1
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Idea 1: Selectivity

• time-invariant

• S4 does not have selectivity, it is forced to treat all parts of the input exactly the 
same.
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Idea 1: Selectivity

• time-invariant → time-varying
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Reminder: Computing SSM with Convolutions in S4

• compute with recurrence:

• unroll:

• By extracting these coefficients into what we call the SSM kernel ഥ𝐾

𝑦 = 𝑢 ∗ 𝑘

not the case in mamba, 

where 𝑨,𝑩, 𝑪 depends on input…

We need to give up training in conv and the parallel.
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Idea 2: Fast Training without Convolutions

• parallel scan

• prefix sum:
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time-varying:

𝑦0 = 𝐶0𝐵0𝑥0,

𝑦1 = 𝐶1 𝐴1 𝐵0 𝑥0 + 𝐵1 𝑥1 ,

…

𝑦𝑘 = 𝐶𝑘(𝐴𝑘⋯𝐴1 𝐵0 𝑥0 +⋯+ 𝐵𝑘 𝑥𝑘).

time-invariant:

𝑦0 = 𝐶 ത𝐵𝑥0,

𝑦1 = 𝐶 ҧ𝐴 ത𝐵 𝑥0 + ത𝐵 𝑥1 ,

…

𝑦𝑘 = 𝐶 ҧ𝐴𝑘 ത𝐵 𝑥0 + 𝐶 ҧ𝐴𝑘−1 ത𝐵 …+ 𝐶 ത𝐵 𝑥𝑘.

define a new operation ⨁:

𝑚 = 𝐴0, 𝐵0 𝑥0 ; 𝑛 = (𝐴1, 𝐵1𝑥1)
𝑚⊕ 𝑛 = (𝐴0 𝐴1, 𝐴1𝐵0𝑥0 + 𝐵1𝑥1)
𝑚⊕ 𝑛 ⊕ 𝑘 = 𝑚⊕ (𝑛 ⊕ 𝑘)



Algorithm

ℎ𝑡 = ҧ𝐴ℎ𝑡−1 + ത𝐵𝑥𝑡,

𝑦𝑡 = 𝐶ℎ𝑡,
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𝐴 ∈ ℝ𝑁×𝑁,
𝐵 ∈ ℝ𝑁×1,
𝐶 ∈ ℝ1×𝑁,

ℎ𝑡 ∈ ℝ𝑁×1,
𝑥𝑡 ∈ ℝ ,
𝑦𝑡 ∈ ℝ .

𝑠𝐵 𝑥 = 𝐿𝑖𝑛𝑒𝑎𝑟𝑁 𝑥

𝑠𝐶 𝑥 = 𝐿𝑖𝑛𝑒𝑎𝑟𝑁(𝑥)

𝑠Δ 𝑥 = 𝐵𝑟𝑜𝑎𝑑𝑐𝑎𝑠𝑡𝐷(𝐿𝑖𝑛𝑒𝑎𝑟1(𝑥))

𝜏Δ = 𝑠𝑜𝑓𝑡𝑝𝑙𝑢𝑠

notation: 

B: batch size

L: sequence length

D: input dimension



Idea 3: Use GPU Well

• The GPU memory hierarchy

33



Idea 3: Use GPU Well

• Exploiting the memory hierarchy
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Idea 3: Use GPU Well
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Idea 3: Use GPU Well

• Recomputation

36



Architecture
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Performance
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Applications of Mamba
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1. Vmamba: Visual State Space Model

• Cross-Scan Module
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1. Vmamba: Visual State Space Model

• Cross-Scan Module
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1. Vmamba: Visual State Space Model
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• performance: image classification • performance: object detection



2. Vision Mamba-Vim
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2. Vision Mamba-Vim

• performance
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2. Vision Mamba-Vim

• performance
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3. VM-Unet: Vision Mamba UNet for Medical Image Segmentation
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• SS2D same as in Vmamba

• Vmamba+Unet+Medical



3. VM-Unet: Vision Mamba UNet for Medical Image Segmentation
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• performance



4. PointMamba: A Simple State Space Model for Point Cloud Analysis
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4. PointMamba
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4. Graph-Mamba: Towards Long-Range Graph Sequence Modeling 
with Selective State Spaces

50

• GraphGPS



4. Graph-Mamba: Towards Long-Range Graph Sequence Modeling 
with Selective State Spaces
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• GraphGPS • Graph-Mamba = GraphGPS (Mamba for Attention)



4. Graph-Mamba: Towards Long-Range Graph Sequence Modeling 
with Selective State Spaces

52

• performance



Griffin: 
Mixing Gated Linear Recurrences with Local Attention for Efficient Language Models

Google DeepMind 2024.3.1
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Overview

54

model performanceefficiency



Architecture
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• Real-gated Linear Recurrent Unit (RG-LRU)

• 𝑎𝑡 is diagonal, parameterize as 𝑎 = 𝜎(Λ)



Architecture
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Performance
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Efficiency

58

• training duration

• inference latency
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