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Faith and Fate:
Limits of Transformers on Compositionality

NeurIPS 2023 (spotlight)
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Does “sparks of AGI” solve multiplication?
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What about supervised training? (w/ GPT-3)
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Supervised training with correct tokenization?
 (GPT-2 XL from scratch)
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Just a matter of step-by-step?  (w/ GPT-4+scratchpad)

 

 



7

What about grokking?

• grokking
• train long enough after overfitting may solve the problem
• may develop systematic generalization after prolonged training 
• small models on modular addition in original work
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What about grokking?

GPT-3 exhibits poor performance on OOD data even after prolonged training period.

 The extent to which generalization improves beyond overfitting 
is intricately linked to the inherent complexity of the task.

• grokking
• train long enough after overfitting may solve multiplication
• may develop systematic generalization after prolonged training  
• small models on modular addition in original work

• finetune GPT-3 both w/ and w/o scratchpad for a prolonged period of 
time
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Understanding transformers’ behavior via computation graphs

• tasks: compositional multi-hop reasoning
• multiplication
• dynamic programming: maximum sum of a subsequence that does not include adjacent elements
• Einstein’s puzzle

multiplication Einstein’s puzzle dynamic programming
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Model performance decreases as graph complexity increases

 

graph depth = 3
avg. parallelism = 4 / 3 = 1.3
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Information gain explains where transformers partially excel
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Information gain explains where transformers partially excel

 

GPT-4 zero shot
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What is the correlation between a model generating a correct 
output and having seen relevant subgraphs during training?
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Transformers’ reasoning mechanism

• Transformers’ successes are heavily linked to having seen significant portions of the 
requires computation graphs during training



16

What types of errors do transformers make?

Error Type

• Fully Correct: v and its ancestors have correct values and are derived from correct computations. 
• Local Error: v is derived from an incorrect computation but its parent nodes have correct values 
• Propagation Error: v is derived from a correct computation but some of its parent nodes have incorrect values
• Restoration Error: v has a correct value but is derived from an incorrect computation
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What types of errors do transformers make?

Error Type

• Fully Correct: v and its ancestors have correct values and are 
derived from correct computations. 

• Local Error: v is derived from an incorrect computation but its 
parent nodes have correct values 

• Propagation Error: v is derived from a correct computation 
but some of its parent nodes have incorrect values

• Restoration Error: v has a correct value but is derived from an 
incorrect computation
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Case-Based or Rule-Based: 
How Do Transformers Do the Math?

ICML 2024
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LLMs Towards AGI?

• Remarkable capabilities on a wide range of classical NLP tasks

• However still puzzled by basic calculation tasks, e.g. addition, multiplication 

• Length generalization

accuracy of zero-shot GPT-4 on multiplication of numbers of multiple digits
figure from Dziri et al., Faith and Fate: Limits of Transformers on Compositionality, 2023 



20

Two Reasoning Paradigms (1)

1. adding unit’s digit: 2+7=9, carry 0;

2. adding ten’s digit: 4+5=9, carry 0;

 the result is 99

case-based reasoning rule-based reasoning

QUESTION: 42+57=?

42+57=?

42+56=98 52+57=10932+57=89

42+58=100 42+67=10942+47=89

43+57=10041+57=98

RULE: adding digit by digit

referring to similar cases to reason

case-based reasoning rule-based reasoning

pros may provide some shortcuts for fast inference essential to achieve systematic generalization

cons
sensitive to the set of seen cases; 
set limitations to generalization

do not rely on shortcuts
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Two Reasoning Paradigms (2)

• Intuition

• Case-based Reasoning is sensitive to the data split; once a test example has 
no reference training case, it cannot be answered correctly.

• Rule-based Reasoning is insensitive to the data split as the model learns 
underlying rules.

• Distinguish two reasoning paradigms

• we artificially remove certain regions of the training data to see its effect on 
test performance. 

• For example, in addition, we hypothesize the model is relying on some 
surrounding cases of the test question. We can remove a small set of 
surrounding cases from the training set and see whether the model can still 
answer the question.
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Two Reasoning Paradigms (3)

• Rule-based reasoning also involves a degree of memorization. 

• Unit rules, e.g., to solve 42+57, we need to know 2+7=9 & 4+5=9

• The set of unit rules should be finite and can be easily covered by a training
set of a reasonable size.

• Otherwise, if it is hard or even impossible for a training set to cover all the 
unit rules, we consider the model performing case-based reasoning.
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Datasets (1)
• We focus on binary operations, which take two numbers a, b as inputs. Denoting c 

as the target label, we construct datasets like D = {((ai, bi), ci)} for 5 math tasks: 
• Addition. 

• input: “a + b”;

• output: “c”, where c = a + b;

• a, b range from 0 to 99.

• Modular addition. 

• input: “a + b”;

• output: “c”, where c = a + b mod P;

• a, b range from 0 to 112. We set P = 113 as a constant.

• Base addition. 

• same as addition, except that all numbers a, b, c are expressed in the base-n numerical 
system, n = 9.
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Datasets (2)

• Linear regression. 

• input: “(a, b) =”;

• output is “c”, where c = m · a + n · b + p;

• a, b range from 0 to 99. We set m = 1, n = 2, p = 3 as constants.

• Chicken & rabbit problem. 

• input: “Q: Rabbits have 4 legs and 1 head. Chickens have 2 legs and 1 head. There are a 
legs and b heads on the farm. How many rabbits and chickens are there?”;

• output: “A: There are c rabbits and d chickens.”, where c=(a-2b)/2, d=(4b-a)/2;

• b ranges from 0 to 99. For each b, a ranges from 2b to 4b with a step of 2.
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Method: Leave Square Out

• Hypothesis: the model is relying on surrounding cases to perform reasoning

• Setting 1: random split, 70% training set and 30% test set

• Setting 2: leave square out: hold out a continuous square of examples as test set; 
> 95% training set, < 5% test set

• Transformers achieve 100% test accuracy in random-split setting, but fail almost 
completely in leave square out experiment! Indicated by the holes within the 
square.

accuracy of fine-tuned GPT-2 on the whole dataset; test square is marked as red box
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Ablations: Test Square Locations

accuracy of fine-tuned GPT-2 on the whole dataset; test square is marked as red box

• Do locations of test squares matter? No, still holes!
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Ablations: Test Square Size

accuracy of fine-tuned GPT-2 on the whole dataset;
 test square is marked as red box

• Does the size of test square matter? Yes, test accuracy drops with test square 
length increasing, and holes may disappear if the test square is too small. 
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Ablations: Scratchpad (1)

• Does adding scratchpad (CoT for math) help?

figure from Nye et al., Show Your Work: Scratchpads for Intermediate Computation with 
Language Models, 2021



29

Ablations: Scratchpad (2)
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Ablations: Model Size

• Does the model size matter?
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Ablations: Larger Model Size 
(1)

• Does the model size matter? (for larger models including llama-2-7b & GPT-3.5)

llama-2-7B (from scratch)
test accuracy

GPT-2 (fine-tuned)
whole dataset accuracy

GPT-2 Medium (fine-tuned)
whole dataset accuracy

GPT-3.5 (fine-tuned)
whole dataset accuracy 

(sample 20% test set, 10% train set)

• The behavior of case-based reasoning exists in both small and large models.
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Ablations: Larger Model Size 
(2)

• Discussion about behavior of Llama-2-7b on base addition
• fine-tune: the hole disappears

• reason 1: It is possible that the left-out square are not really the dependent cases for pretrained 
Llama-2-7B on this task. 

• reason 2: There might be data leakage during pretraining. Besides, even without considering data 
leakage, pretraining may still have introduced strong biases that happen to suit base addition well, 
making the model generalize to most parts of the test square.

llama-2-7B (fine-tune on base-9 addition)
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Ablations: Larger Model Size 
(3)

• Discussion about behavior of Llama-2-7b on base addition
• fine-tune: the hole disappears

• train from scratch: the hole still exists

llama-2-7B (from scratch)
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Ablations: Larger Model Size 
(4)

• Discussion about behavior of Llama-2-7b on base addition
• fine-tune on base addition with native digits : the hole disappears

• train from scratch: the hole still exists

• fine-tune on base addition with exotic digits: the hole still exists

example of base-9 addition with native 
digits: 
1+8=10 

example of base-9 addition with exotic 
digits: 
B+I=BA 

llama-2-7B (fine-tune on exotic base-9 addition)
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In-Context Learning (1)

 

• Model: GPT-3.5-turbo-0125

• Method
• We randomly collected pairs of base-9 integers whose zero-shot addition accuracy is less than 20%. 

• We provide 10 few-shot examples. 
• 5 from random group: randomly selected

• 5 from similar group: obtained by simultaneously replacing only one digit of the pair

• Scratchpad is used in each few-shot example. 

• We choose the 14 test samples where the improvement with few-shot examples is more than 80%.

• We mask some in-context examples from either the similar group or the random group and compare 
the accuracy drop:
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In-Context Learning (2)

• Results

The contributions of similar and random examples in 14 tests 
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Rule-Following Fine-Tuning (RFFT)

• To enforce LLMs to do rule-based reasoning, we propose Rule-Following Fine-
Tuning (RFFT)

Explicitly list the rules

Step by step execution Every step reminds what I am doing

Recite the rule used in each step



38

RFFT: Performance (1)

accuracy of fine-tuned llama-2-7b (left) and GPT-3.5-turbo (right) on addition

• Finetune models on 1-5 digit addition

• Llama-2-7B: 500k samples; GPT-3.5: 100 samples 

• Significantly higher accuracy on long digits
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RFFT: Natural Language (1)

• RFFT with natural language rule (input)

Follow the rules step by step to answer the question: ‘6’+‘7’=
Add two numbers in order from the lowest digit to the highest digit. The operation rules are as follows:
1. In the initial state, the carry from the previous digit is 0 and the result is <empty>.
2. Begin the loop through each digit:
2.1. Determine whether the two numbers are <empty>. If both are <empty>, the loop is over. If one of them 
is not <empty>, go to the iteration.
2.2. One iteration:
2.2.1. Find the rightmost digit of each number and remove the digit from the number. If one of them is 
<empty>, the digit is 0.
2.2.2. Calculate the sum of the current digits and the carry.
2.2.3. Insert the last digit of the summation to the beginning of the result and update carry. If the sum is 
larger than 9, carry is 1. Otherwise, carry is 0.
2.3. Back to the start of the loop.
3. When the loop through each digit is over, if there’s a remaining carry, insert it to the beginning of the 
result.
4. Return the result.
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RFFT: Natural Language (2)

• RFFT with natural language rule (output)
num1=‘6’; num2=‘7’
```
1. In the initial state, the carry from the previous digit is 0 and the result 
is <empty>.
```
Initialize the carry as 0 and the result is ‘<empty>’.
```
2. Begin the loop through each digit:
2.1. Determine whether the two numbers are <empty>. If both are 
<empty>, the loop is over. If one of them
is not <empty>, go to the iteration.
```
num1 ‘6’ is not <empty>. num2 ‘7’ is not <empty>.
Because both are not <empty>, go to the iteration.
```
2.2. One iteration:
2.2.1. Find the rightmost digit of each number and remove the digit from 
the number. If one of them is
<empty>, the digit is 0.
```
The rightmost digit of num1 ‘6’ is ‘6’. The rightmost digit of num2 ‘7’ is 
‘7’. Then the remaining num1
‘6’ is ‘<empty>’ and the remaining num2 ‘7’ is ‘<empty>’.
```
2.2.2. Calculate the sum of the current digits and the carry.
```
The sum of ‘6’, ‘7’ and carry ‘0’ is 6 + 7 + 0 = 13.

```
2.2.3. Insert the last digit of the summation to the beginning of the 
result and update carry.
```
The last digit of the summation is 13 % 10 = 3. The previous result 
is ‘<empty>’, now the result is: ‘3’.
The carry is 13 // 10 = 1.
```
2.3. Back to the start of the loop.
2.1. Determine whether the two numbers are <empty>. If both are 
<empty>, the loop is over. If one of them
is not <empty>, go to the iteration.
```
num1 is ‘<empty>’. num2 is ‘<empty>’.
Because both are <empty>, the loop is over.
```
3. When the loop through each digit is over, if there’s a remaining 
carry, insert it to the beginning of the result.
```
The carry is 1, so add an 1 to the beginning of the result ‘3’. So the 
final result is ‘1,3’.
```
4. Return the result.
 ```
The final result is ‘1,3’.
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RFFT: Natural Language (3)

• Performance

accuracy of GPT-3.5-turbo fine-tuned on 1-5 digit addition
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RFFT: Other Tasks

• RFFT on other tasks
• base addition： finetune on 1-5 digit base addition, test on 6-15 digit base addition
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RFFT: Other Tasks

• RFFT on other tasks
• base addition

• last letter concatenation： fine-tune on 1-5 words concatenation, test on 6-15 words.

Q: Concatenate the last letter of the following names: Alice, Bob, 
Cathy. 
A: eby 
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RFFT as a Meta Learning Ability

fine-tuned Llama-2-7b and Llama-2-70b on 6-9 digit addition task

• Phenomenon: finetune models on 1-5 digit addition:
• Llama-2-7B: 150k samples; GPT-3.5: 100 samples

• Hypothesis: rule-following may be a meta learning ability
• it might be “learned” through pre-training on diverse rule-following data and transfer to new 

unseen domains

• the stronger the foundation model is, the easier it can understand and learn the rules 

• Experiments:
• Llama-2-70b achieves comparable performance to Llama-2-7b after seeing much less 

samples (20k samples)



Conclusion
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• For the first step differentiate the two reasoning paradigms of LLMs

• Verifies that LLMs do math mainly in a case-based reasoning way, which prevents 
from systematic and length generalization

• Proposes Rule-Following Fine-Tuning (RFFT), explicitly teaches LLMs to reason 
by rules; significantly better length generalization ability

• Paper arxiv: https://arxiv.org/pdf/2402.17709.pdf

• Github link: https://github.com/GraphPKU/Case_or_Rule

• SR code:

https://arxiv.org/pdf/2402.17709.pdf
https://github.com/GraphPKU/Case_or_Rule
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Number Cookbook: Number Understanding 
of Language Models and How to Improve It

Preliminary work, under review



Background
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• Number: most common object in complex reasoning tasks

• Arithmetic, math, physics, financial, …

• Involved in most topics in LLM research: reasoning ability, length 
generalization, foundation model …

• In current research, number understanding and processing is …

• Not a separate task, but mixed in with other tasks. (Like arithmetic)

• Too simple and impractical (only short integer)
Current datasets Real-world application



More representations
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• We propose NUPA (number understanding and processing ability) test.

• Scope: primary and second school education 

• Comprehensive and practical (not too simple or too hard)

• 4 number representations:

• Integer: 123, 12, …

• Float: 3.1415926 …

• Fraction: 7/11, 4/3, …

• Scientific Notation: 1e10, 3.1e2, …



More tasks
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NUPA test
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• 41 meaningful composition:

• For each task, we generate training, valid and test set with different digits.
• For hard task, training 1-8, valid and test: 1-20 
• For easy task, training 1-20, valid and test 1-100

• Some procession to make sure not too hard or too easy.

• 3 Metrics: exact match, digit match, d(ifference of )length



NUPA test
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• Performs well on typical tasks, but declines on many less common tasks.
• Length still remains an obstacle for NUPA of LLMs.
• Concept “digit” is not as easy as we expected.

NUPA is not a solved problem for even the most powerful LLMs.



NUPA test
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• Performs well on typical tasks, but declines on many less common tasks.
• Length still remains an obstacle for NUPA of LLMs.
• Concept “digit” is not as easy as we expected.

NUPA is not a solved problem for even the most powerful LLMs.



How to improve NUPA?
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How to improve NUPA?
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0.9B model with three different tasks. X-axis is number of seen training samples.



How to improve NUPA?
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Different model size. X-axis is number of seen training samples.



How to improve NUPA?
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• Three aspects of techniques: tokenizers, PEs and data format

• PEs: We find NoPE and Alibi (as a representation of RPE) are always better on 
different number representation and tasks for length generalization.

• Data format: 

• Reverse (int only) is effective.

• Zero-padding slightly improve further.

• Index-hint does not help.



How to improve NUPA?
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• These techniques are proposed for pre-training stage.

• How about finetuning? SFT

• A simple SFT with lora can improve performance significantly.



How to improve NUPA?
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• These techniques are proposed for pre-training stage.

• How about finetuning? SFT

• These techniques cannot be added in SFT stage.



How to improve NUPA?
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• Chain-of-thought?

• We train RFFT on several tasks in NUPA tests.

• RFFT has better performance …

• but it is restricted by context window and inference time.



Take-home message
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• We propose NUPA tests, which is a comprehensive benchmark to test the number 
understanding and processing ability of LLMs.

• Current LLMs shows pool ability on less common tasks or longer numbers

• Some tricks seem to be useful in pretraining stage but cannot be directly used in 
SFT.

• CoT is a possible way to improve the NUPA but inference time and context 
window are bottleneck.



Thanks for listening!
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