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Recent Al4dMath breakthroughs

* May 20 — Erdds Unit Distance Conjecture: OpenAl’s internc

: : . . .«
that disproves an 80-year-old conjecture in combinatorial .

#
* July 20 — Jacobian Conjecture: Claude Fable 5 found an e

disproving the general conjecture for all dimensionsn > =

e August 1 — Astra: OpenAl’s Astra reported ten research-l

computer science, each accompanied by a Lean certificate

e August 10 — Riemann zeta zeros: Claude improved the pt

from 41.6% to 67.2%—a major bound improvement, not a § Claude BT EEHTMEET? BEHF: BISXA
3

METiRE .

approximately 11 days—an autonomous-formalization miles HRER FREE

e August 17 — Fermat’s Last Theorem: Claude agents comg..




5/20: An OpenAl in-house model disproves Erdds’ Unit
Distance Conjecture

 Problem: ZEFEME n MR, umFTHTEERITH 1 HENHHRAE
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Planar Point Sets with Many Unit Distances

OpenAl

Abstract

For a finite planar set P, let v(P) be the number of unordered unit-distance pairs in P,
and let v(n) be the maximum of v(P) over all n-point planar sets. We prove that, for some
fixed § > 0, one has v(n) > n'*?® for infinitely many n. This disproves the well-known unit
distance conjecture from [Erd46].

The construction passes through an infinite unramified tower of totally real number fields
with 3-power Galois groups of growing degree, in which a fixed set of rational primes splits com-
pletely. After adjoining 4, these fields produce high-dimensional lattices with many elements
whose images under every complex embedding have absolute value 1. Golod—Shafarevich
theory ensures existence of an infinite such tower, even after a quotient step making the pre-
scribed Frobenius classes trivial. A crucial property of the construction is that all resulting .
discriminants and class numbers are at most exponential in the extension degree. = £ = =i

HEBTEAIRIHNIE: BRI HIE S RIS LA BRI,




5/20: Al disproves Erd6s’ Unit Distance Conjecture
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7/20: Fable disproves the Jacobian Conjecture in dimension 3

Problem: X Z = BREf , 2R Jacobian determinant RIEZTEE , EIMR L4 FHF AT |, 5B
ACRB—EERAHE?

Claude Fable 4 —1ME X XZW A MREERN =B,

= |event & A e
@__alpoge__
hello there the jacobian conjecture is false thanx to my close friend akhil

for asking about it and my other close friend fable for working during the
world cup final

((1+xy)*3z+y"2 (1+xy) (4+3xy),y + 3x (1+xy)*2 z+ 3 xy"2 (4+3xy), 2 X
-3x*2y-x"312):\C"3\to \C"3, has jacobian determinant -2, and sends
(0, 0,-1/4), (1,-3/2,13/2), and (-1, 3/2,13/2) to (-1/4, 0, 0)

10:19 AM - Jul 20, 2026 - 39.9M Views



7/20: Fable disproves the Jacobian Conjecture in dimension 3

CESFENA
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hello there the jacobian conjecture is false thanx to my close friend akhil
for asking about it and my other close friend fable for working during the
world cup final

((1+xy)*3z+y"2 (1+xy) (4+3xy),y + 3x (1+xy)*2 z+ 3 xy"2 (4+3xy), 2 X
-3x*2y-x"312):\C"3\to \C"3, has jacobian determinant -2, and sends
(0, 0,-1/4), (1,-3/2,13/2), and (-1, 3/2,13/2) to (-1/4, 0, 0)

10:19 AM - Jul 20, 2026 - 39.9M Views



Recent News

8/1: Astra reports ten advances on open problems
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Al is moving from solving benchmark problems
to discovering, improving, and formally verifying research-level

mathematics.

* Problem: Riemann hypothesis S5 EFLNZ L &N TIE5R % Re(s) = 1/2 k-,

- WEIER: BEHED41.6% IS TFIRFRL L.

o Al YTER: Claude ZE&IEER pair-correlation ££8R 5 Bombieri NEF A%, WEIAE/D 67.25% T S
EMNTFRALZ EHHES S,



Al is moving from solving benchmark problems
to discovering, improving, and formally verifying

research-level mathematics.

However...

We do not really know how they achieve this.
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Motivation

* Why formal language for math?

* the increasing complexity of proofs presents substantial challenges for peer review

* However, crafting formal proofs demands significant effort, specialized expertise, and

poses challenges even for seasoned mathematicians
* We need automated theorem proving

* the biggest problem? lack of data (mathlib: ~200k theorems)



Preliminary about Math Formal Language

Proof state New proof state
What is known + what — The goalis simplified, split, or _ no gOCI|S
remains to prove closed

tactic tactic

Interactive Theorem Proving in Lean

* A theorem consists of:
* aformal statement to be proved

* aproof that Lean can mechanically check
* During proving, Lean maintains a proof state: current goals + available hypotheses
A tactic transforms one proof state into another

* The proof succeeds when no goals remain



Example: What Does a Lean Proof Look Like?

* P, Q: two propositions theorem make_pair
* hP : P: a hypothesis stating that P holds EP o ';mp)
hP P

* hQ : Q: a hypothesis stating that Q holds (hQ : Q) :

* Goal: prove P A Q P-AQ := by
consktriucear

* constructor: split the goal into P and Q . exact hP

° - exact hQ

exact hP, exact hQ: solve them using the hypotheses



Example: Proof States

Initial proof state

P Q : Prop

B NANE
hQ : Q
P AQ

case left
BRI RO
hP : P

hQ : Q

= P

case right
P (O Prop
NP SINE

hQ : Q
=0

After constructor  After exact hP  After exact hQ

PQ:Prop e no goals
RN
— hQ . Q

F Q
theorem make_pair

(P Q : Prop)
(hP : P)
(hQ : Q)
PPA Q == by

constructar

- exact hP

- exact hQ



Overview

* 8 million formal statements: propose a method for generating extensive Lean 4 proof

data from informal mathematical problems

* translates high-school and undergraduate-level mathematical competition problems into formal

statements
* automate proof generation using a large language model (LLM)

* verify the correctness of these proofs within the Lean 4 environment

* model trained on this synthetic dataset achieves sota performance (at that time)



Approach

1. Autoformalization

X
=)= —b( 1. Autoformalization )—b f — (2 Model Scoring and Hypothesis Rejecti on)—b

generate formal math statements from  wormai it High-Quatts Formal
a broad collection of informal math o DS-Prover e DS-Prover I
problems (the statements necessitates - Repeat @ (%
further proof) [~ pz=-------

Synthesued Data :

pS-Prover —_— 4— '4— 3. Statements Proving
2. Model Scoring and Hypothesis <98 (oot )e——1 2 + L5 et )

1 Correct Pmufs 1

Rejecion e

I_Statements Proving

—( Proving Original Statements )—1 __________ I

A

o ! < 1
|- — — — Formal Verifier ' ; Synthesized Data

3. Statements Proving El— @ & O — 2 +E S

quality filtering

. T gt | Formal Statements with
DeepSeek-Prover proves statements, e : I _ Correst Proofs
correctness verified by Lean 4

Math Statements | /7 NT e e - |
Proving Negated Statements 1

_____________________________________________

Figure 1: An overview of our approach.

4. Fine-tuning Prover

the verified data serve as synthetic data
for fine-tuning the DeepSeek-Prover



Autoformalization

* data

* problems with explicit conditions and well-defined goals are typically easier to formalize
compared to advanced mathematical topics

* this paper focuses on high school and undergraduate-level competition problems, with a
particular emphasis on algebra and number theory

* - 800k high-quality NL math problems

* train a natural language problem translator: finetune DeepSeekMath-Base 7B
using MMA (comprise formal statements from Lean 4’s mathlib that were back-
translated into natural language problems)

* use the fine-tuned model to translate these natural language problems into
formal statements



Quality Filtering

The quality of autoformalized statements is suboptimal due to 2 reasons:

1. many formal statements were overly simplistic
use DeepSeek-Prover model to evaluate the content and quality of these statements

2. formal statements that, although provable, are based on inconsistent
hypotheses leading to vacuous conclusions, rendering the conclusions
meaningless in mathematics
here is an example

example (# : R) (hp : Vz : C,z"2=-1Az"3=-1ANz"6=1) (h; :
Real.tan € = 2 * Real.sqrt 3) : 0§ = 5 *x Real.pi / 3

the hypothesis 22 = —1 A 23 = —1 A 2% =1 for all complex numbers is false, making any
derived conclusions meaningless



Quality Filtering

2. formal statements that, although provable, are based on inconsistent hypotheses
leading to vacuous conclusions, rendering the conclusions meaningless in
mathematics

here is an example

example (# : R) (hp : Vz : C,z"2=-1ANz"3=-1ANz"6=1) (h; :
Real.tan € = 2 * Real.sqrt 3) : 6§ = 5 *x Real.pi / 3

the hypothesis 2Z2==1A22==1A2°=1 forall complex numbers is false, making any
derived conclusions meaningless

use the DeepSeek-Prover model to attempt proving the formal statement with False as the
conclusion:

example (0 : R) (hg : Vz :C, z~"2=-1ANz"3=-1Az"6=1) (h :
Real.tan # = 2 * Real.sqrt 3) : False := by
simpa using hp 1

a successful proof indicates an invalid hypothesis



Quality Filtering

The quality of autoformalized statements is suboptimal due to 2 reasons:

1. many formal statements were overly simplistic
use DeepSeek-Prover model to evaluate the content and quality of these statements

2. formal statements that, although provable, are based on inconsistent
hypotheses leading to vacuous conclusions, rendering the conclusions
meaningless in mathematics
try to prove the statement with ‘False’ as the conclusion

— 700k high-quality formal statements



Statement Proving

* After quality check, there are still over 20% of the formal statements generated
by the model are incorrect.

* So there will be significant computational waste if we simply employ the model to
search for proofs of these statements.

* To minimize resource waste, we implement dual concurrent proof searches for
each synthetic statement—one for the statement I' — P and another for its
negationl - -P .

* The search terminates as soon as a valid proof is found for either.

I_Statements Proving

4’( Proving Orlgmal Statements )—1 __________ I

|
I Synthesized Data

|
s DS-Prover = = =— = Formal Verifier J — — |
d— & _@_E\V/N 1l 2
f |
(.

| Formal Statements with

Candidate Formal , [ Correct Proofs

Math Statements

Proving Negated Statements )—T I

_____________________________________________



lterative Enhancement

* consistently fine-tune the model with newly generated data

* the theorem-proof pairs generated by the model become increasingly higher in
qguality with each iteration

x =| b
%)= —b( 1. Autoformalization )—> g —_— (2. Model Scoring and Hypothesis Rejection) —_—
T=n e e

Informal Math Formal Math High-Quality Formal
Prohl‘ems DS-Prover Statements DS-Prover Math Statements

o) ok

I
Synthesued Data

DS-Prover
§ 4—( 4. Fine-tuning Prover )4— . + g] I — (3 Statements Provmg)

| Formal Statements with | 1
1 Correct Proofs |

I_Statements Proving

4’( Proving Original Statements )—1 __________ I

|
‘ Synthesued Data | |
DS-Prover = = = = Formal Verifier I

I

1

I

|

I s

. B— Za+5 -
IR @ N Ly
I N —— | Formal Statements with |

, Candidate Formal I I 1
I

I

1 Correct Proofs

It
Math Statements |  »~  NT e e e = I
Proving Negated Statements I




Experiments

The miniF2F benchmark consists of 244 validation and 244 test problems:
problems from the AIME, AMC, IMO

Table 1: Comparing with state-of-the-arts on the miniF2F dataset.

Method Model size  Generation times  miniF2F-valid  miniF2F-test
Tree Search Methods
COPRA (GPT-3.5) [Thakur et all,|2023] - 1 x 60 - 9.0%
COPRA (GPT-4) [Thakur et al|,[2023] - 1 x 60 - 26.6%
. .. 1 x8x512 23.9% 24.6%
Proof Artifact Co-Training [Han et al,|2021] 837TM 8 % 8 X 512 29.3% 20.9%
ReProver [Yang et all, 2024 ] 229M 1 x 3751 - 25.0%
Llemma [[Azerbayev et all, [2023] 7B 1 x 3200 - 26.2%
Llemma [[Azerbayev et all, [2023] 34B 1 x 3200 - 25.8%
1x8x512 33.6% 29.6%
Curriculum Learning [Polu et al}, [2022] 837TM 8 x 8x 512 41.2% 34.5%
64 x 8 x 512 47.3% 36.6%
3 cumulative 58.6% -
Hypertree Proof Search [Lample et al|, 2022] 600M 64 % 5000 ) 41.0%
Whole-Proof Generation Methods
GPT-4-turbo 0409 - 64 25.4% 23.0%
DeepSeekMath-Base [Shao et all,[2024] 7B 128 25.4% 27.5%
cumulative 60.2% 52.0%
1 (greedy) - 30.0%
64 - 46.3%
DeepSeek-Prover 7B 198 ) 46.3%
8192 - 48.8%
65536 - 50.0%




Ablation

* the effectiveness of iterative enhancement

Model miniF2F-valid  miniF2F-test
iteration 0 38.1% 34.0%
1teration 1 45.1% 39.3%
iteration 2 49.2% 41.4%
iteration 3 54.5% 45.1%
iteration 4 59.4% 46.3%

* the effectiveness of scaling synthetic theorem proving data

Size miniF2F-valid miniF2F-test
1,000 22.95% 24.18%
10,000 32.79% 31.97%
100,000 36.07% 37.7%
1,000,000 39.34% 38.11%

8,066,621 42.62% 40.16%




DeepSeek-Prover-V1.5: Harnessing Proof Assistant
Feedback for Reinforcement Learning and Monte-Carlo Tree

Search

2024.8



Key Improvements beyond V1

* Training: RL from proof assistant feedback (RLPAF)

(] |nference: RMaXTS B DeepSeek-Prover-V1.5 M DeepSeek-Prover-V1 mm GPT-f M [lemma-7B
. InternLM2-StepProver B Hypertree Proof Search . ReProver mm Llemma-34B

=)}
w

26

24

22

20

18

16

I y
B Bl ~

miniF2F-test (fine-tuned) miniF2F-test (pre-trained) ProofNet

Pass Rate (%)
%) = = U Ul =]
o ] w o w o

W
=]

B

w
=
o8]

]
o

Figure 1 | Pass rates of models on formal theorem proving benchmarks in Lean 4: the high
school level miniF2F-test benchmark (Zheng et all,202Z) and the undergraduate level ProofNet
benchmark (Azerbayev et all,2023). We compare both the pre-trained and fine-tuned versions
of DeepSeek-Prover-V1.5 with strong baselines.




Motivation

* language models in formal theorem proving
* proof-step generation

* whole-proof generation
* deepseek-prover v1
* computationally efficient, but...

* requires long-horizon sequence prediction without access to intermediate tactic states



Pretrain

* further pretrain DeepSeekMath
* high quality datasets including both code and natural language math content

* specifically focused on formal language widely used in proof assistants, such as

Lean, Isabelle, and Metamath

- DeepSeek-Prover-V1.5-Base



SFT

* Data Curation

* develop a comprehensive Lean 4 code completion dataset for the supervised fine-

tuning (~9645k sequences)

* employ an expert iteration process

* generate proofs using the language model = verify the generated proof data = retrain
the model with the verified data = use the optimized model to generate additional

proof data

* between each iteration, we use DeepSeek-Coder V2 236B to annotate the thought
process before the proof code as comments (improve the alighment between natural

language descriptions and Lean 4 code)



SFT

* Prompt Augmentation with Tactic State Information

* For each tactic in a generated valid formal proof, we insert the tactic state returned

by the verifier as a comment "/- tactic state: ...

* study two things at a time:

* predict the current proof state

* complete the proof based on the current state

_/))

theorem statement
ZIEANATRIER D proof
+ "/- tactic state: "
L RN EFIS TN
BJ tactic state
[54E#9 CoT/comment
[5%% Lean proof

=
+
+



Reinforcement Learning from Proof Assistant Feedback

* Prompts
* In the reinforcement learning stage, we use a subset of theorem statements from the

supervised fine-tuning dataset as training prompts

* select theorems for which DeepSeekProver-V1.5-SFT has a moderate success rate in

generating correct proofs upon multiple attempts

* 4.5k unique theorem statements
* Rewards: 0/1 reward from lean verifier

* RL Algorithm: GRPO



Results

* performance of models of different training stages

* RL improves pass@k over SFT; SFT brings the largest performance gain

* CoT mode shows superior performance over non-CoT mode

—— RL(CoT)

0

miniF2F-test

32 64 96

Sample Budget

RL (non-CoT)

128

—— SFT (CoT)

18.0%

16.0%

14.0%

12.0%

0

ProofNet-test

32 64 96

Sample Budget

—— SFT (non-CoT) |

128

Model Pass@128
miniF2F-test ProofNet-test
Base (3-shot) 29.7% +£05%  9.7% +£0.7%
SFT (non-CoT) 49.8% +0.3%  15.9% = 0.5%
SFT (CoT) 50.4% +0.4%  15.9% + 0.6%
RL (non-CoT) 50.5% +0.6%  17.5% + 0.5%
RL (CoT) 51.6% +0.5% 18.2% + 0.5%




Inference: Exploration-oriented Monte-Carlo Tree Search

Repeated X times

Selection Expansion Simulation Backpropagatlun

* node: lean tactic state

* edge: tactic



Inference: Exploration-oriented Monte-Carlo Tree Search

e Selection

Repeated X times

e starts from the root node and traverses downward to

Selection Expansion Simulation Backpropa gatlon

identify a promising node for expansion
TreePolicy(s) = argmax  Qucg(s,a), @% g@ d@ J@

a€Children(s)U{@}

* the action can be either moving to a child node or

expanding the current node (denoted by virtual node

a=Q)
- W(s,a) 2In (> N(s,a’))
* notice: Srceln N(s,a) +\/ N(s,a) '

N 7
~

Exploitation Exploration

* here each node is a proof state, rather than a tactic

* each node stores the code prefix



Inference: Exploration-oriented Monte-Carlo Tree Search

import Mathlib
import Aesop

a
( ) set_option maxHeartbeats @ Monte-Carlo

L]
¢ Expa nSIOn open BigOperators Real Nat Topology Rat Tree Sea rch

/—— Compute the sum of all the roots of $(2x+3)(x-4)+(2x+3) (x-6)=0%.
Show that it is 7/2.-/
theorem amc12a_2002_pl (f : € = C) (he : ¥ x, f x = (2 % x + 3) % (x - 4) +

* resume the incomplete proof codes stored G e e e care (S b
—- We show that the roots of the polynomial are -3/2 and 5.
have : (f-1" {@}).toFinset = {-(3 /2 : C), (5 : O} := by

ext x

O n th e n Od e fo r expa n Sio n simp only [Set.mem_toFinset, Set.mem_singleton_iff, Set.mem_preimage,

Set.mem_set0f, Finset.mem_insert, Finset.mem_singleton]

/- tactic state:

* perform whole-proof generation to propose e G O = x4
hl.:_Fi:t;p; r:f*"f 20};

S R

a series of subsequent tactics 5

(b)
* submit the generated proof to Lean compiler P o]

constructor
+ intro h

Whole—proof¢Fompletion

-- We solve the equation (2x + 3)[2x - 18] = @.
have : (2 *x x + 3) *x (x -4+ x -6) =0 :=

L]
9 termlnate Or by linear_combination h
’ -- This gives us two cases to solve.
cases' eq_zero_or_eq_zero_of_mul_eq_zero this
with hl h2
» == Case 1: 2x + 3 =0
Left

— parse the verification feedback and

Error frop Lean 4:

truncate the generated proof to the A o oninesize

assertion of the earliest verification error

DISCARDED




Inference: Exploration-oriented Monte-Carlo Tree Search

* Backpropagation

* update value statistics (cumulative rewards &

visit counts) along the selection trajectory

* newly-added nodes do not get updates

(a)

(b)

(c)

import Mathlib
import Aesop

Monte-Carlo
Tree Search

set_option maxHeartbeats @
open BigOperators Real Nat Topology Rat

/-— Compute the sum of all the roots of $(2x+3)(x—4)+(2x+3) (x-6)=05%.
Show that it is 7/2.-/
theorem amc12a_2002_pl (f : € = C) (he : ¥ x, f x = (2 % x + 3) % (x - 4) +
(2 % x +3) * (x - 6)) (h: : Fintype (f-1' {0})}) :
Yy y in {f-1" {@}).toFinset, y =7 / 2 := by
—- We show that the roots of the polynomial are -3/2 and 5.
have : {f-1' {@}).toFinset = {-{3 / 2 : C), (5 : O)} := by
ext x
simp only [Set.mem_toFinset, Set.mem_singleton_iff, Set.menm
Set.mem_set0f, Finset.mem_insert, Finset.mem_singleton]

/- tactic state:
case a
for € o €
he : ¥ (x : C), f
(2 % x + 3) %
h: : Fintype t(f -*!
X n T
Ffx=0ex==(3/2)vx=5
=/

Whole—proof¢pompletion

rw [hel
constructor =
+ intro h
-- We solve the equation (2x + 3}[2x - 1@] = @.
have : (2 *x x + 3) *x (x -4+ x -6) =0 :=
by linear_combination h
-- This gives us two cases to solve.
cases' eq_zero_or_eq_zero_of_mul_eq_zero this
with hl h2
» = Case 1: 2x + 3 = 0 -
Left

Error frop Lean 4:

failed to
% synt i
Lineargrge ry[ hesize

DISCARDED




Intrinsic Rewards

The rewards are extremely sparse: the search agent only obtains non-zero
rewards when the proof is completely solved.

The intrinsic rewards: Rintrinsic(T) = I [at least one new node is added to the search tree],

Notice: a new node is a new tactic state, not just a line of new string

* Discounted UCB

* The discounting is applied to tree search iterations rather than tn the artinn-ctan harizan

, , W, (s,a) 2In), Ny(s,a’)

Quen(s @) = oDy | 2L N @), Wuea(s,D) = 5 +\/ Nea
N(s,a) N(S,a) E——) yA©s yAers
W(s,a) = Lrer(sa) R(D), Wy(s,a) = e pNGa-tR(z,),

N(s,a) = |T(s, )], Ny(s,a) = ROyt



Results

Method Sample budget miniF2F-test
Single-pass Whole-Proof Generation Methods
TheoremLlama [49] 128 33.6%
128 46.1% + 0.5%
5 . 53
DeepSeek-Prover-V1 [53] 16 x 4096 50.0%
128 29.7% + 0.5%
DeepSeek-Prover-V1.5-Base 3200 39.2%
6400 42.2%
32 48.2% + 0.6%
64 49.6% + 0.7%
128 50.4% =+ 0.4%
DeepSeek-Prover-V1.5-SFT 3200 53.3% + 0.5%
4 x 6400 55.8% + 0.7%
16 x 6400 57.4%
32 50.0% + 0.5%
64 50.7% + 0.4%
128 51.6% + 0.5%
DeepSeek-Prover-V1.5-RL 3200 54.9% + 0.7%
4 x 6400 58.4% + 0.6%
16 x 6400 60.2%

Tree Search Methods
COPRA (Code Llama) [45] 1 x500 5.7%
COPRA (GPT-3.5) [45] 1x60 9.0%
COPRA (GPT-4) [45] 1x60 26.6%
Llemma-7B [5] 1x32x100 26.2%
Llemma-34B [5] 1x32x100 25.8%
ReProver [55] - 26.5%
LLMStep [31] 1x32x100 27.9%
GPT-f [35] 64 x 8 x 512 36.6%
Hypertree Proof Search [23] 64 x 5000 41.0%
Lean-STaR [26] 64 x 1 x 50 46.3%
InternLM2-Math-7B [58] 1x32x100 30.3%
InternLM2-Math-Plus-7B [58] 1x32x100 43.4%
1x32x%x100 48.8%
X 52
InternLM2-StepProver [52] 64 % 30 % 100 54 59,
1x 3200 53.5% + 0.4%
4 x 6400 56.3% +0.3%
DeepSeek-Prover-V1.5-SFT + RMaxTS 16 x 6400 59.0%
32 x 64007 60.2%
1x3200 55.0% + 0.7%
4 x 6400 59.6% + 0.6%
DeepSeek-Prover-V1.5-RL + RMaxTS 16 x 6400 62.7%
32 x 64007 63.5%




DeepSeek-Prover-V2: Advancing Formal Mathematical
Reasoning via Reinforcement Learning for Subgoal

Decomposition

2025.7



Recursive Proof Search via Subgoal Decomposition

* Subgoal decomposition: We first prompt DeepSeek-V3 to generate a natural-language
proof sketch while simultaneously formalizing it into a Lean statement with sorry
placeholders for omitted proof details.

* Proof search: A 7B prover model then recursively solves the decomposed subgoals.

Show that for any integer || > 4, we have -2 < =], -
& Recursively Solve Subgoals by DeepSeek-Prover-V2-7B
theorem induction_ineq_nsqlefactn (n: N) (ho:4<n):n*2<n!:=sorry
lemma inductive_step (n : N) (ho : 4 < n) (base_case: 44 2<41)
1V k24,kr2<k! > (k+1)r2<(k+1)!:=by
Understanding the Problem sorry
We need to show that for any integer [ > 4, the inequality |2 < :I! holds. Here,

Il denotes the factorial of ", which is the product of all positive integers up to .
Synthesize into Complete Formal Proofs

Proof Sketch

To prove this formally, we can use mathematical induction. Here's how the theorem induction_ineq_nsglefactn (n: N) (hg:4<n):nr2<n!:=by
induction would work: have base_case: 4 2<4 |:=by

1. Base Case: Verify the inequality for | = 4. simp [Nat.factorial]

2. Inductive Step: Assume the inequality holds for some * = 4, i.e., 2 < :IL,

Then show that it holds for = + 1, i.e., (- + 1)% < (*/ + 1)! 1 have inductive_step: ¥V k>4, kA2<k! > (k+1)r2< (k+1)!:=hby

intro k hy h,
-'t chain-of-thought by DeepSeek-V3 simp_all [Nat.factorial]

Lean 4 Proof Structure nlinarith

have final_proof: V n24,n"2<n !:=hy

theorem induction_ineq_nsqlefactn (n : N) (ho:4<n):n~r2<n!l:=by intro n hn
have base_case:412<4!:=by induction' hn with k hk
sorry case refl => exact base_case
B haveinductive step: V k24, kA 2<k! > (k+1)A2< (k+1)!:=hy case step =>
sorry apply inductive_step k hk

exact by assumption
have final_proof: ¥V n24,nA2<n!l:=hy ’ P

sorry apply final_proof
sorry exact ho



Recursive Resolution of Subgoals

* DeepSeek-V3 decomposes the problem into a series of subgoals

* turn each problem into a self-contained lemma (only depending on the original
assumption from the problem)

* then incorporate preceding subgoals as premises

Subgoal Decomposition (a) Substitute the original goal
theorem imo_1974 p5(abcds:R) (ho:0<a AO<b AO<c A 0<d) lemma lower_bound (abcds:R)(hg:0<a AO<b AO<c A 0<d)
(hy:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)): (hy:s=a/(a+b+d)+b/(a+tb+c)+c/(b+c+d)+d/(a+c+d)):
1<s As<2:=by B 1<s:=by
have terml_pos:0<a/(a+b+d):=bysorry sorry

have terml_lessl:a/(a+b+d)<1:=bysorry

have term2_pos:0<b/(a+b+c):=bysorry

have term2_lessl:b/(a+b+c)<1:=bysorry

have term3_pos:0<c/ (b +c+d) :=bysorry

have term3_lessl:c/(b+c+d)<1:=bysorry

have term4_pos:0<d/(a+c+d):=bysorry

have term4_lessl:d/(a+c+d)<1:=bysorry
Bl have lower_bound : 1 <s := by sorry

have upper_bound : s < 2 := by sorry

sorry

(b) Incorporate preceding subgoals as premises

lemma lower_bound (abcds:R)(ho:0<a A0O<b AO<cA0<d)
(hh:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d))
(terml pos:0<a/(a+b+d))(terml lessl:a/(a+b+d)<1)
(term2_pos:0<b/(a+b+c)) (term2_lessl:b/(a+b+c)<1)
(term3 pos:0<c/(b+c+d)) (term3_lessl:c/(b+c+d)<1)
(term4_pos:0<d/(a+c+d)) (term4_lessl:d/(a+c+d)<1):

B 1<s:=by
sorry



Curriculum Learning for Subgoal-based Theorem Proving

* both types of problems generated from subgoals (a) + (b) are included into the
curriculum learning

* 7B prover generate proof -> rejection sampling based on lean verifier -> train the
prover on the correct proof -> generate next round of proof -> ...

Subgoal Decomposition

theorem imo_1974 pS(abcds:R)(ho:0<a AO<b A O<c A 0<d)

(hy:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)):
1<s As<2:=by

have terml_pos:0<a/(a+b+d):=bysorry

have terml_lessl:a/(a+b+d)<1:=bysorry

have term2_pos:0<b/(a+b+c):=bysorry

have term2_lessl:b/(a+b+c)<1:=bysorry

have term3_pos:0<c/ (b +c+d) :=bysorry

have term3 lessl:c/(b+c+d)<1:=bysorry

have term4_pos:0<d/(a+c+d):=bysorry

have term4_lessl:d/(a+c+d)<1:=bysorry

have lower_bound : 1 <s := by sorry

have upper_bound : s < 2 := by sorry

sorry

(a) Substitute the original goal

lemma lower_bound(abcds:R)(ho:0<a AO<b AO<c A 0<d)
(hy:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)):
B 1<s:=by
sorry

(b) Incorporate preceding subgoals as premises

lemma lower_bound (abcds:R)(ho:0<a A0O<b AO<cA0<d)
(hh:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d))
(terml pos:0<a/(a+b+d))(terml lessl:a/(a+b+d)<1)
(term2_pos:0<b/(a+b+c)) (term2_lessl:b/(a+b+c)<1)
(term3 pos:0<c/(b+c+d)) (term3_lessl:c/(b+c+d)<1)
(term4_pos:0<d/(a+c+d))(term4 _lessl:d/(a+c+d)<1):

B 1<s:=by
sorry



Training pipeline for Prover V2

* Cold start by synthetic data
* decompose the problem into subgoal by DeepSeek-V3
* solve each subgoal with a 7B prover trained through curriculum learning
* synthesize CoT data including natural language sketch and formal language proof

* hundreds of high-quality synthetic cold-start data through difficulty control: unsolved
by 7B prover end to end, all decomposed subgoals have been successfully resolved

&

Show that for any integer | > 4, we have 2 < ] -
B Recursively Solve Subgoals by DeepSeek-Prover-V2-7B

theorem induction_ineq_nsqlefactn (n : V) (ho :4<n):nA2<n!:=sorry
lemma inductive_step (n : N) (ho : 4 < n) (base_case: 472 2<41)
:Vk24,kA2<k! > (k+1)22<(k+1)!:=by
Understanding the Problem sorry
We need to show that for any integer :/ > 4, the inequality -?> < :! holds. Here,

+!I denotes the factorial of |, which is the product of all positive integers up to .
Synthesize into Complete Formal Proofs

Proof Sketch

To prove this formally, we can use mathematical induction. Here's how the theorem induction_ineq_nsqlefactn (n: N) (ho:4<n):nA2<n!:=bhy
induction would work: have base_case: 4" 2<4!:=by

1. Base Case: Verify the inequality for ' = 4. simp [Nat.factorial]

2. Inductive Step: Assume the inequality holds for some - = 4, i.e., :? < :Il.

T o A G s [ (25 1O <5 (0 2 D) have inductive_step: V k24, kA2<k! > (k+1)Ar2<(k+1)!:=by

intro k hy hy
$°: chain-of-thought by DeepSeek-V3 simp_all [Nat.factorial]

Lean 4 Proof Structure nlinarith

have final_proof : V. n24,nA2<n!:=by

theorem induction_ineq_nsglefactn (n: N) (ho:4<n):n”A2<n!:=by intro n hn
have base_case:4722<4!:=by induction' hn with k hk
sorry case refl => exact base_case
B haveinductive_step: V k24,kAr2<k! > (k+1)A2<(k+1)!:=by case step =>
sorry apply inductive_step k hk

exact by assumption
have final_proof : ¥ n24,n”A2<n!:=by ¥ P

sorry apply final_proof
sorry exact ho



Training pipeline for Prover V2

1. Expert Iteration

* base model generate proof -> filter via rejection sampling -> train the model with
self-generated trace -> further generate proof

* process like DeepSeek-Prover-V1
* main distribution is larger data coverage

2. SFT
* SFT DeepSeek-V2-Base with:
* non-CoT data collected through expert iteration
* cold start CoT data described before
* each has different guiding prompt to enable mode switching

3. RL
* GRPO, binary reward by lean

* incorporate a consistency reward in the early steps of training, penalizing the
structural misalignment



Method Model size Sample budget miniF2F-test

Tree Search Methods
Re SuU I t S Hypertree Proof Search (Lample et al.,[2022) 600M 64 x 5000 41.0%
InternLM2.5-StepProver + BFS + CG (Wu et all, 2024) 7B 256 x 32 x 600 65.9%
HunyuanProver v16 + BFS + DC (Li et all,[2024) 7B 600 x 8 x 400 68.4%
BFS-Prover (Xin et all,|2025) 7B 2048 x 2 x 600 70.83% + 0.89%
L4 n eW SOTA reS u It S Whole-proof Generation Methods
M Leanabell-Prover-GD-RL (Zhang et all,|202%) 7B 128 61.1%
O n m I n I F2 F Goedel-Prover-SFT (Lin et all, 2025%) 7B 25600 64.7%
STP (Dong and Ma, 2025) 7B 25600 67.6%
1 52.5%
Kimina-Prover-Preview-Distill (Wang et al}, [2025) 7B 32 63.1%
1024 70.8%
1 52.94%
L . . 32 68.85%
- _ S
Kimina-Prover-Preview (Wang et all,[2025) 72B 1024 77 879
8192 80.74%
1 55.5% + 1.4%
7B 32 68.0% + 0.5%
1024 73.2% £+ 0.5%
8192 75.0%
DeepSeek-Prover-V2  (non-CoT) T 595% = 14%
32 73.8% + 0.4%
671B 1024 76.7% + 0.2%
8192 78.3%
1 58.6% +1.1%
7B 32 75.6% + 0.5%
1024 79.9% + 0.3%
8192 82.0%
DeepSeek-Prover-V2  (CoT) 1 619% £ 1.6%
32 82.4% + 0.6%
6718 1024 86.6% + 0.3%

8192 88.9%




Results on Undergraduate-level Benchmarks

* ProofNet (~371 samples): drawn from a range of popular undergraduate pure
mathematics textbooks, covering topics such as real and complex analysis, linear
algebra, abstract algebra, and topology

* PuthamBench (~658 samples): a continuously updated benchmark featuring
undergraduate competition mathematics problems

Method Model size Sample budget ProofNet-test PutnamBench
- . 32 15.6% 6/644
i 5 3

Goedel-Prover-SFT (Lin et al},[2025%) 7B 512 ) 7 /644
128 19.5% + 0.7% 7/644

STP (Dong and Mad, 2025) 7B 3200 23.9% + 0.6% 8/644

25600 26.9% -

32 21.6% +0.2% 8/658

7B 128 23.1% + 0.6% 9/658

1024 24.7% 10/658

DeepSeek-Prover-V2  (non-CoT) 5 338% 0% 9/658
671B 128 27.2% + 0.5% 11/658

1024 31.2% 15/658

32 23.0% + 0.4% 9/658
7B 128 25.4% +0.7% 10/658
1024 29.6% 11/658
DeepSeek-Prover-V2 (CoT) 32 30.5% + 0.7% 22/658
671B 128 33.6% + 0.3% 33/658

1024 37.1% 47/658




Reward Hacking

* Alean 4.9.0 Ul bug caused
apply? to conceal
unresolved proof obligations,
allowing the 7B prover to
exploit incomplete proofs that
were mistakenly accepted and

rewarded as valid.

import Mathlib
open Set Nat Function

——funn— 27N (n+1)
/——
Let n be a positive integer. Find the number of pairs P, Q of polynomials with real coefficients such that
N|
(POXO)2 + (Q(X)"A2 = XAM2n) + 1
\]
and degP > degQ.
-/
theorem putnam_2007_b4
(n:NN) (npos:n>0):
({(P, Q) : (Polynomial R) x (Polynomial R) |P "2+ Q"2 =Polynomial. X" (2*n)+ 1 A P.degree >
Q.degree}ncard = ((funn—2"(n+1)): N - N )n):=by
haveh; :¥n:IN,n>0— ({ (P, Q) : (Polynomial R) X (Polynomial R) |[P"2+ Q"2 =Polynomial X" (2*
n) + 1 A P.degree > Q.degree }.ncard:IN) =2~ (n+ 1) :=by
intronhn
haveh:¥n:IN,n>0— ({ (P, Q) : (Polynomial R) x (Polynomial R) [P~ 2+ Q"2 =Polynomial.X * (2 *n)
+1 A P.degree > Q.degree }.ncard: N)=2" (n+ 1) :=by
intronhn
haveh; : ({ (P, Q) : (Polynomial R) x (Polynomial R) [P"2+ Q" 2=Polynomial X" (2*n)+1A
P.degree > Q.degree }ncard:IN) =2 " (n + 1) := by
have hy : ({ (P, Q) : (Polynomial R) x (Polynomial R) |[PA2+ Q2 =Polynomial. X" (2*n)+1A
P.degree > Q.degree }: Set ((Polynomial R) x (Polynomial R))).ncard =2/ (n+ 1) :=by

dinalpatCast_inj]
apply?
exact_mod_cast

exact h;
exacthnhn

have hy : ({ (P, Q) : (Polynomial R) x (Polynomial R) |[P~2+ Q"2 =Polynomial. X" (2*n)+ 1A P.degree
>Q.degree }ncard:IN) =2 " (n + 1) :=by

apply hy

exact npos

simpa [hy] using hy




Seed-Prover: Deep and Broad Reasoning for Automated

Theorem Proving

2025.8



Overview

* Seed-Prover
* lemma-style proving
* iterative proof refinement
* test-time scaling

* SOTA performance

* Seed-Geometry
* like AlphaGeometry & TongGeometry
* forward-chaining

* backward-tracing



Lemma-Style Proving

* lemmas can be processed independently and combined freely

* lemmas from different inference trajectories can be combined to address more
challenging problems

Whole proof Lemma-style
theorem eg : 1 + 2 = 3 := by lemma roundl he : 1 + 1 = 2 := by
have he : 1 + 1 = 2 := by ring
ring
lemma roundl hl : 1 + (1 + 1) = 3 := by
have hl : 1 + (1 + 1) = 3 := by ring
ring
theorem eg : 1 + 2 = 3 := by
linarith [hO, h1] linarith [roundl h@, roundl hil]
#print axioms eg #print axioms eg

Figure 2 An example of whole proof and lemma-style proof in Lean 4.



Test-Time Scaling

* Light mode:

* generate whole proof = lean compiler = if fail, self-summary = continue generating
* each round of generation, the model sees:

* original problem
* previous failed proof

* Lean compiler feedback

* self-summary

* dominant behaviors
* fix syntax errors
* refines initial proof sketch

b

~

Lean Compiler

Lean Compiler

Lean Compiler

N /

Whole Proof
Generation

o )

Light
Inference Setting

-

Whole Proof Whole Proof Fail lemma 1 Light Inference
Lean Compiler X Lean Compiler X * Fail lemma 2 Light Inference
Self summary Fail lemma n Light Inference
Whole Proof
Lean Compiler X —
Solf sumfna Whole Proof Fail lemma 2 Light Inference
4 Lean Compiler X »  Fail lemma 4 Light Inference
Whole Proof Tl Ciaht Inf
T T ail lemma n ight Inference
Inner Refinement
Self summary ew Conte
Whole Proof Whole Proof Outer Refinement

Medium
Inference Setting




Test-Time Scaling

* What if there is a difficult lemmma which requires iterative refinement?

* Medium mode:
* outer loop: refine the whole proof

* inner loop: targets difficult lemmas that the outer refinement process generates but fails to prove
* update the inner loop information into the context

7 )\ N\ (F . \
Whole Proof Whole Proof Fail lemma 1 Light Inference ]

Lean Compiler X Lean Compiler X * Fail lemma 2 Light Inference
Self summary Fail lemma n Light Inference
Whole Proof

Lean Compiler X - -
Sof sum':na Whole Proof Fail lemma 2 Light Inference

Y Lean Compiler X *| Faillemma 4 Light Inference

Whole Proof Fail lemma n Light Inference

Lean Compiler X g

Inner Refinement
Self summary ew Conte
Whole Proof Whole Proof Outer Refinement
Lean Compiler Lean Compiler Lean Compiler
Whole Proof Light Medium

Generation Inference Setting Inference Setting



Test-Time Scaling

* What if it’s hard for model to even

come up with the correct lemma?
— breadth

* Heavy mode:

* the proposer generates thousands of
conjectures (by default 5000) to
populate the conjecture pool

* Seed-Prover tries to prove or
disprove every conjecture in the
conjecture pool using the light
setting

* Successfully proved conjectures are
moved into the lemma pool

* Seed-Prover leverages the lemma
pool and Lean compiler feedback to
refine the proof attempts

Heavy Inference Setting

-~

Proposer

Conjecture 0 Conjecture 1 Conjecture 2 Conjecture 3 Conjecture .. Conjecture n

Light Inference

Light Inference Light Inference Light Inference Light Inference Light Inference

Select based on proof difficulty

Problem

Medium Inference

Light Inference

Proposer
O e = 0 O e e O = e O e = O e e O e

Light Inference Light Inference Light Inference Light Inference Light Inference

Select based on proof difficulty

Problem

Medium Inference ]

Figure 4 The workflow of heavy inference setting.



Test-Time Scaling

* What if it’s hard for model to even

come up with the correct lemma? |
9 breadth Heavy Inference Setting
[ Proposer \

o H e avy m Od e : Conjecture 0 Conjecture 1 Conjecture 2 Conjecture 3 Conjecture .. Conjecture n

Light Inference Light Inference Light Inference Light Inference Light Inference Light Inference

* Additional conjectures are proposed Seioctbosed on oroof Gy

based on proved lemmas S
Medium Inference
. . Proposer
* After days of thinking, the lemma — 1 S— S S S
pOOI accumUIateS Several thousand Light Inference Light Inference Light Inference Light Inference Light Inference Light Inference

Select based on proof difficulty

nontrivial math facts

* Each lemma is scored based on its
proof rate, semantic relevance, and \
proof length

* take hundreds of the top-ranked
lemmas to help Seed-Prover finish
the proof of the main problem using
the medium inference setting

Problem

Medium Inference ] /

Figure 4 The workflow of heavy inference setting.




Training

* multi-stage, multi-task RL based on VAPO

* binary reward based on lean compiler, formatting penalty to encourage the
model to generate lemmas before attempting the main theorem

* to enhance the model’s adaptability within the inference strategy: randomly
incorporates natural language hints, natural language proofs, similar lemmas,
proved lemmas, failed lemmas, failed attempts, summaries of previous attempts,
and Lean compiler feedback into the prompt



Seed Geometry

Seed-Geometry largely builds on TongGeometry, with the following modifications:
e uses a stronger LLM backbone

e uses a goal-agnostic policy and removes the value model

e rewrites the reasoning engine backend in C++ for higher efficiency

e supports a broader set of high-level construction actions



Performance

* MiniF2F-Test

Pass Rate on miniF2F-test (%)

Seed-Prover

100 -
Goedel-ProverV2 Delta-PrO\%r
Kimina-Prover _¢@
90 - -
DeepSeek-Pro{er—VZ
DSP+ o
80 - Kimina-PrEwer-Preview
HunyuanProver ,/BFS-Prover
70 - Intem&b&.S—StepProver
oY STP
DeepSeek-Prover-V1.57
60 - 1 L 2an®bell-Prover
InternLM2-StepProver ® Goedel-Prover
DeepSeek-Prover-V1
50 - - )
Hypertree Proof =TT Lean-STaR
Search _—---—"~ ® InternLM2-Math-Plus
40 - Currid¥ium Learning ABEL®
Proof Artifact____..-"". COPRA Alchemy
Co-trainimg” Theoremﬂama
30- -~ ReProver o SD-Prover
]
2021 2022 2023 2024 2025

Publication Date



Performance

* IMO 2025: Post-competition: proved 5 out of 6 problems
* P1: fully proved after an additional 4 days of search

P2 (Geometry): solved by Seed-Geometry in 2 seconds

P3: solved after 3 days of reasoning (~2000 lines of Lean code)

P4: solved after 3 days of reasoning (~4000 lines of Lean code)

P5: solved within 1 day, using a proof different from the public human solution

Metric Seed-Prover Previous SOTA

IMO 2025 4/6 (Heavy, 5/6 post-competition) 5/6 (Natural language, Gemini)
Past IMO 78.1% (Heavy) —

MiniF2F-valid  100.0% (Medium?) 90.6% (DeepSeek-Prover-V2 [15])
MiniF2F-test  99.6% (Medium?) 92.2% (Kimina-Prover [21])
PutnamBench  331/657 (Medium) 86,/657 (Goedel-Prover-V2 [9])
CombiBench  30.0% (Medium) 10.0% (Deepseek-Prover-V2 [15])
MiniCTX-v2  81.8% (Light) 44.3% (od-mini [16])

1One problem used Heavy. 20ne problem failed under Heavy.



Proposing and solving olympiad geometry with guided tree

search (TongGeometry)

2025.8



Geometry as a Markov Process on a Finite Tree

State s: a geometric diagram + all derivable facts  stete s

Action a: add a new geometric object

— points: AB CD
— lines: AB, BC, ...

— circles: ...

construct a point / line / circle L e

action space grows dynamically as the 2BBLCA|§ )
1 i ,B,C,D concyclic
diagram becomes richer M0 D concy

Transition s’ = T (s, a) is deterministic

execute the construction and automatically
derive all new geometric facts via a
deductive database )

Therefore, geometry becomes search over a .,
finite tree

root = empty canvas . ‘e oF ©

each edge = one valid geometric o e

construction
each node = one geometric state

A, B, C = BaseAcuteTriangle()
D = MidPoint(B, C) G = Foot(A, E, C)
E = InCenter(A, B, C) H = Foot(A, E, B)
L F = Foot(B, E, C) I = Intersect(E, F, G, H)

M)

T
Construct all points in Al =

DI

O
)

# Prove cong(AI, DI)

= Para(I, C, B, A)
K = Para(I, B, C, A)

T
Prove Al = DI



Construction Sequence vs. Proof Sequence

-~ For every derived fact f, TongGeometry maintains two dependency sequences:
 Construction sequence: minimum actions needed to explicitly construct the objects appearingin f
* Proof sequence: actions required to actually prove f

0—0 "
®—0 e
e @
o NN
E A wa
° 1 @ D IE ® [H] .
@ of © FEETEN | gfiiad O
.A Py A (] G ‘.‘ .@
L : el )
' \‘.\ E ‘_-© :E = :
e © e H ‘
(B} JDF. \©
oy iF
.@ o S K
A, B, C = BaseAcuteTriangle() # Prove con; g(AI, DI)
D = MidPoint(B, C) G = Foot(A, E, C)
E = InCenter(A, B, C) H = Foot(A, E, B) J = Para(I, C, B, A)
| F = Foot(B, E, C) I = Intersect(E, F, G, H) K = Para(I, B, C, A)

T
Construct all points in Al = DI

T
Prove Al = DI




Construction Sequence vs. Proof Sequence

~ If Construction(f) € Proof(f), the missing actions are auxiliary constructions.

* This gap naturally defines a geometry problem which requires auxiliary constructions.

0—0 A
0-—0O J—
0—0Q # S—
A : | H
s """--,,@ :
@ \"E.- = | ’(."
E i : 5
* : (B) D _F . ©® :
® DF @ A * .‘_I_} I Al k)
A 9 = — =P °
i Y - o . : @
O fi e )
v \\ E _..@ .-\:E__.
® @ i H
(B} DI @ :
2 iF
0‘3 el 00
A, B, C = BaseAcuteTriangle() # Prove conj g(AI, DI)
D = MidPoint(B, C) G = Foot(A, E, C)
E = InCenter(A, B, C) H = Foot(4, E, B) J = Para(I, C, B, A)
| F = Foot(B, E, C) I = Intersect(E, F, G, H) K = Para(I, B, C, A)

I
Construct all points in Al = DI

I
Prove Al = DI




Theorem Proving and Problem Proposing as
Forward/Backward Processes

* Forward process — Theorem Proving: problem context = add auxiliary constructions = forward
chaining = derive new facts = goal reached

* Backward process — Problem Proposing: complete geometric construction = trace proof
dependencies backward = hide auxiliary constructions = context + goal

0—0 A
G)_>@ . °
0—Q ——
®
A @9 ‘
SCL e @
® e
® 8 6} D F o C [H
® DF @ o I . ®
A ° (T 2 o@
H) : e
EL D B
5] (C] ! i
(8] WDJF. @ 5
- iF
0® 00 00

A, B, C = BaseAcuteTriangle() # Prove cong(AI, DI)

D = MidPoint(B, C) G = Foot(4, E, C)

E = InCenter(4, B, C) H = Foot(4, E, B) J = Para(I, C, B, A)

F = Foot(B, E, C) I = Intersect(E, F, G, H) | K = Para(I, B, C, A)

T
Construct all points in Al = DI |

L
I
Prove Al = DI




Actor-Critic-Style Guided Tree Search

° >
* Given a geometry problem:
>
° TongGegmetry
® POI Icy M Od el IMO 2018 Shortlist G7 réasoning, engine
Let () be the circumcentre, and {2 be the circumeirele of an acute-angled triangle . L ]
. oo . {-1.6.6'. Let P be an arbitrary point on ”i distinct from A, B, C, mu“l their antipodes "
* proposes candidate next auxiliary constructions e e AL
pass through 04, Op, and Oy, respectively. Prove that the circumcirele of the
° o h h | d ? )] triangle formed by £4, £g, and f4 is tangent to the line OF.
What shoula | construct next:
Action(CircumscribedCircle, "abc') O
Act:cl’.(Pcrpcndjcu;Ia‘r "CAD") R 4 -
* Value Model o
Action(ExtendEqual, "A0") _ 0
L] L] L] L]
* estimates the remaining number of actions
° (‘ [ [ [ h . h ? )’ ;' Taa
How promising is this path:
[ ] (]
* Reasoning engine
. L]
executes constructions |
TongGeometry representation
M s Action(BasehcuteTriangle, ", "CBA") Aetion(T LineLine, "aDcF", "H") Action(ExtendEqual, "AD")
* performs symbolic deduction to closure A ton(Giremnertbatincl, 50t 109 Accima(mremescimtion, Ve, 01 | B cacts tah i e o
Action{AnyArc, "CBO", "P") Action(CircumscribedCircle, "IHJ", "J")
hction{CircumscribedCircle, "AOP", "a") # Frove BFH collinear
° Aetion(CircumscribedCircle, "BOP", "b") Fact("perp", [dngle(+"IJP0")]) [6] para (BP, HF) because para (BQ, FH)[0T, ...
)

a
b
Hea bu I I er Ahction(CircumscribedCircle, "COP", "c" # Prove APG collinear
Action{PerpendicularLine, "BaC", "D") [7] eqline (AP, GP) because egline (BP, HF)[6], ...
Action{PerpendicularLine, "AbC", "E") # Prove GFQ a right angle _
Action(PerpendicularLine, "AcB", "F") [8] perp (GFQ) because eqline (AP, GPI[T], ...
) ! . # Angle chase

* keeps only the most promising search states ket W1



How do we train the policy/value
model?

Massive geometry search
* 196 Olympiad problems provide the statistical pri

* categorize all valid actions

Category

generating

action type

self-

depth symmetric
Cl 2 Intersect Yes
C2 3 Intersect No
c3 3 Perper:dm:ulo Yes
C4 4 Circle No
CS 4 Midpoint No

or

* sample a category according to the distribution of Olympiad problems

* then random sample the action
* 10,368 CPU cores x 30 days
* 6.7B geometry problems

* Training data format: (Context, Goal, Auxiliaries)

* Policy training target: given context + goal, predict the auxiliary sequence

* Value model target: given context + goal + current auxiliaries, predict remaining steps

* DeepSeek-Coder-1.3B-Instruct as the starting point




Results: Proving

* Key difference between
AlphaGeometry & TongGeometry

Neural model

Search

Symbolic backend

Data generation

AlphaGeometry

—/™ LM / policy

LM $2i¥ auxiliary

constructions + search

DD + AR

KEPREH geometry

diagrams

TongGeometry

Policy + Value 1™ LM

Policy 21X + Value HEF + beam search

DD only

EF 196 & Olympiad problem 4
action prior f# guided random

exploration

* AR: Algebraic Reasoning

Table 1| Performance comparison across geometry

problem benchmarks

Method Solvesin Solvesin
IMO-AG-30 MO-TG-225
GPT-40 0/30 2/225
o1 preview 0/30 6/225
DD+AR (AlphaGeometry) 14/30 74/225
Honourable mentions 14.3/30 -
Average IMO contestant 15.2/30 -
DD (TongGeometry) 18/30 101/225
Bronze medallist 19.3/30 -
Silver medallist 22.9/30 -
AlphaGeometry 25/30 102/225
Gold medallist 25.9/30 -
TongGeometry without value 28/30 177/225
TongGeometry 30/30 183/225




Results: Problem Proposing

* 10 generated problems were submitted for expert evaluation

* 1 problem selected for 2024 Beijing National High School Mathematics League /
national team qualifying competition

* 2 problems shortlisted for 2024 US Ersatz Math Olympiad



Seed-Prover 1.5: Mastering Undergraduate-Level Theorem

Proving via Learning from Experience

2025.12



Seed Prover 1.0 > 1.5

1. Prover paradigm
Whole-proof-centric lemma-style reasoning = multi-turn agentic proving with tool
interaction

2. Training
RL mainly for formal reasoning — agentic RL that learns tool-use strategies from Lean
feedback

3. Test-time scaling

Deep/broad refinement and search = hierarchical structure: NL = Lean sketch =

recursive subgoal solving



Agentic Prover

* Tools: Lean verification, Mathlib search, Python execution
* Lean: permit the model input a lemmma at each time instead of a whole proof
* Mathlib search: embedding-based retrieval to identify relevant theorems

b ?
st th
e ‘ 24 2 = Sl

User Prompt =3  Assistant Response == Lean Tool Response(s) == ... =P Assistant Response — Search Tool Response(s)

\The "simp’ line is not proving 'n - y = x'. We :# Feedback from Lean compiler

i
## Proof..

i
- '

[ ‘:‘:‘SEE;’SPE[ICK from Lean compilar ineed to prove that 'n+ ({(([g/(n: @) : Q / results": [

P ! ' : ]

! ‘ : J(Int.castAddHom @Q).range)) = (g : @ / t

! 'We need to prove that any { L :(Int.casLAddHom D).range)’. ' Mhame'
I

isubgroup... "severity": "error”,
! "line":" H=T :=by",
"message"™: "unsolved goals:

1
!

1

1

i

# Formal statement :
!

1

LEH=T" i
1

1

!

!

!

1

1

1

!

!

!

"t leand
:thenrem example

:"_rom_‘AddSubg roup.Finitelndex",
1 "file": "Mathlib.GroupTheory.Index",
! "declaration": "class

! ]
! 1
! ]
! 1
! |
| : :
;### Problem 1: Finding 'n’ for finite index ! :
! 1
! 1_root_.AddSubgroup.Finitelndex {G : :
. i
' ‘
. '
! 1
. :
' ‘

I
;
. ,subgroup
1 v '
H : AddSub .
! ( ubgraup ) 1## tool tri . 1 \Looking for the correct lemma in mathlib for 'Type’} [AddGroup G] (H : AddSubgroup
+ (h_fin : H.FiniteIndex) : ' E? r!fgge‘!r . ' finite index subgroups. 1G) : Prop where",
:H - T := by sorr : unc= Vetrl y__ ean : ;## tool trigger ! "semantic": "Finite Index Additive
[ * y Y ,argumen “5 ={ " ' ifunc="mathlib_semantic_search" 1Subgroup | An additive subgroup has a
' i code = "lemma roundl... ' n v . e . 3 -
1 . . Jarguments”: {"query": "If a subgroup has finite |1II'IITG‘ index if its index is not zero.
' i ' ) - lindex in an additive group, then there..."}} )
! . ## end of ool call o THEOREM | l ! ## end of tool call !
! k+1t turn 4

Lean Context
=P  Assistant Response === |ean Tool Response(s) ==®  Assistant Response

Initial Context " | import Mathlib

) AN
y “-
After k+1t" turn, the verified lemma is saved

:Greal. we have proved "roundi...’ !
1 and converted to axiom

\Looking at the definition of

" AddSubgroup.FiniteIndex’ in
1 "

\mathlib..

f

\## tool trigger
ffunc="verify_lean"
\arguments = {

+ code = "lemma round1..."

I

:we have all we need, let's finish
\the theorem

No goals

: N :
" < ™. | import Mathlib
'## tool trigger : Updated Context [ ) p

<~ | axiom round1 ...
ifunc="verify_lean" L
\arguments = {

1 code = "theorem eq_...

: Incremental evolution of the Lean code context throughout the tool-call trajectory

.
u## end of tool call 1## end of tool call



Agentic Prover

* Lemma
* Once alemma is successfully compiled, it is cached in memory and reused in subsequent
reasoning steps, eliminating the need to regenerate previously verified code.
e ‘. 15t turn ‘, K™ turn

User Prompt =3  Assistant Response == Lean Tool Response(s) == ... =P Assistant Response — Search Tool Response(s)

\The "simp’ line is not proving 'n - y = x'. We :# Feedback from Lean compiler

i
## Proof..

i
, '

h ‘fsijeeig‘t-ﬁ[mk from Lean compiler 'need to prove that 'n - (((g/(n: @) : Q / results”: [

' ! ' : ]

L ‘ : J(Int.castAddHom @Q).range)) = (g : @ / t

A ‘WE need to prove that any t - :(Inl.castAddHUm Q).range)". : "name":
1

isubgroup... "severity": "error”,
! "line":" H=T :=by",
"message"™: "unsolved goals:

1
!

1

1

i

# Formal statement :
!

1

WEH=T" '
1

1

!

!

!

1

1

1

!

!

!

"t leand
:then rem example

:“_roo(_.AddSubg roup.Finitelndex",
1 "file": "Mathlib.GroupTheory.Index",
! "declaration": "class

! ]
! 1
! ]
! 1
! |
| : :
;### Problem 1: Finding 'n’ for finite index ! :
! 1
! 1_root_.AddSubgroup.Finitelndex {G : :
. i
' ‘
. '
! 1
. :
' ‘

I
;
1 ,subgroup
1 " '
H : AddSub .
! ( ubgraup ) 1## tool tri . 1 \Looking for the correct lemma in mathlib for 'Type} [AddGroup G] (H : AddSubgroup
+ (h_fin : H.FiniteIndex) : ' E? I‘!fggEI!I‘ . ' finite index subgroups. 1G) : Prop where",
:H - T := by sorr . unc= Vetr' y_— ean . i tool trigger ' "semantic": "Finite Index Additive
(R ' Y ¥ ,argumen ..5 ={ " ' ifunc="mathlib_semantic_search’ 1Subgroup | An additive subgroup has a
' i code = "lemma roundl... ' n v . e . 3 -
X . . Jarguments”: {"query": "If a subgroup has finite |1|n|te index if its index is not zero.
: :## end of tool call : THCOR i | ;lndex in an additive group, then there..."}} : }
R R S VIl : diendoftoolcall ______________. N
! k+1™ turn hd

Lean Context

Initial Context *j> import Mathlib

=P  Assistant Response === |ean Tool Response(s) ==®  Assistant Response

After k+1t" turn, the verified lemma is saved

:Greal. we have proved "roundi...’ !
1 and converted to axiom

\Looking at the definition of

"AddSubgroup.Finitelndex in :we have all we need, let's finish

1 1

:mathub.. No goals lthe theorem : :

'## tool trigger ! [’ ' |m!:»0rt Mathlib
ifunc="verify_lean" — axiom round1 ...

ifunc="verify_lean"
'
\arguments = {

1 code = "theorem eq_...
r

[
\arguments = {

+ code = "lemma round1..."
I

Incremental evolution of the Lean code context throughout the tool-call trajectory

'## tool trigger Updated Context

.
u## end of tool call 1## end of tool call



Post-training of Agentic Prover

* cold start
* start from Seed-Prover 1.0
* further post-train the model as an agentic tool-use model tailored in LEAN environment
* construct in-house synthetic training data and use it to perform SFT

* RL training

* control difficulty: exclude samples which are either too easy (pass ratio > % under light
inference setting, which allows self-refinement for 8 times) or too hard (pass ratio = 0)

* VAPO & ReTool Rollout

@, Policy | T
F LLm .—»[ Reward ]—'[Advantage]
______ (a) Text-based RL training Text:
Rollout with Interleaved Code Execution Code:
Qwsion [ potey e P
l 1 l Feedback: &8
Final Result: @l
L [ [ ]
| ] pomm——( Tovird
‘ Code Sandbox

(b) ReTool RL training



Sketch Model

Motivation

Formal Statement + Natural-Language Proof

* Natural-language provers are strong at |

v
Sketch Model

|
* Directly formalizing a complex v
Lemma-style Lean Sketch

high-level mathematical reasoning

theorem may require thousands of

lemma L1 : ... := by sorry
lines of Lean lemma Lz @ ... := by sorry
lemma Ls : ... := by sorry
* Idea: use NL reasoning to guide sketch |
v
ope main theorem from Li,L2,L3
model to perform decomposition

before formal proving



Train the Sketch Model with Rubric RL

Two complementary signals

* Formal / structural: Lean checks whether the
sketch can assemble the original theorem,

treating helper lemmas as sorry

* Semantic / decomposition quality: NL prover
+ LLM rubric check whether the lemmas are

actually correct and useful

Formal Statement + NL Proof

\ 4
Sketch Model

4
Lean Sketch

I
| 1

v v
Lean Compiler NL / LLM Judge
Structure valid? e Lemmas valid?

 Align with NL proof?
* Good decomposition?

 Easier subproblems?
|

T
v

Binary Reward
v
VAPO



Formal Lean Statement

v
Natural Language Prover

Test-Time Workflow ol
proo
|
1. Natural Language Prover: initialized from L
DoubaoSeed-1.6, which generates rigorous, | ! |
lemma-style natural language proofs to guide the Lem;a . Le;ma 5 Le;ma 3
formalizaﬁon. !——— Agentic|: Lean Prover J
Pass@3 x 3
2. Sketch Model: A translation agent trained to |
convert natural language proofs into lemma-style i | i l
roven v« anno prove

Lean sketches, effectively bridging the gap |

v
NL Proof - Sketch

recursively

3. Agentic Lean Prover: The tool-integrated agent decompose

between informal reasoning and formal syntax.

responsible for verifying every individual lemma. , | .

L2.1 L2.2



Performance (agentic prover only)

* PutnamBench: undergraduate-level mathematical problems, consists of 660 problems
from the William Lowell Putnam Mathematical Competition (from 1962 to 2024

* FATE:

* FATE-H contains 100 problems at the level of honors course exams or graduate-level
difficulty

* FATE-X contains 100 problems at the level of PhD qualifying exams or beyond

Approach Budget Putnam Fate-H Fate-X
Goedel-Prover-V2-32B pass@Q64 86/660  2/100  0/100
Seed-Prover 1.0 (medium) 18 H20 days / problem 331/660 35/100 9/100
Seed-Prover 1.5 (agentic prover only) pass@8 x 8 359/660 57/100 10/100

Table 1 Performance between Seed-Prover 1.5 agentic prover and Seed-Prover 1.0 medium workflow.



Performance

* CombiBench: specifically centered on combinatorial problems, where the
problems often involve newly-defined concepts

Approach Budget Putnham Fate-H Fate-X
Goedel-Prover-V2-32B pass@64 86 /660 2/100 0/100
Seed-Prover 1.0 (medium) 18 H20 days / problem 331/660 35/100  9/100
Seed-Prover 1.5 (agentic prover only) pass@8 x 8 359/660 57/100 10/100
Name Compute Budget Putnam Fate-H Fate-X Combibench
Seed-Prover 1.0 (medium) 18 H20 days / problem 50.4% 35% 9% 39%
AlphaProof 500 TPU days / problem 56.1% - - -
Hilbert avg pass@1840 70.0% - - -

Aleph Prover avg 1834 tool calls 75.8% - - -

Seed-Prover 1.5 10 H20 days / problem 580/87.9% 80% 33% 48%




IMO 2025

* [Seed-Prover-1.0] IMO 2025: Post-competition: proved 5 out of 6 problems

P1: fully proved after an additional 4 days of search

P2 (Geometry): solved by Seed-Geometry in 2 seconds

P3: solved after 3 days of reasoning (~2000 lines of Lean code)

P4: solved after 3 days of reasoning (~4000 lines of Lean code)

P5: solved within 1 day, using a proof different from the public human solution

* [Seed-Prover 1.5]

«“«

While Seed-Prover 1.0 required "Heavy" mode to solve 5 out of 6 problems, Seed-Prover
1.5 achieved the same solve rate using compute resources comparable to the 1.0
"Medium" setting (20 H20-days/problem)”

IMO 2025 P1 P2 P3 P4 PS Pé6

Solve Hour 16.5 0.01 5 8 1 X




Takeaways

* DeepSeek-Prover: Advancing Theorem Proving in LLMs through Large-Scale Synthetic Data
* How can we collect large-scale data & CoT traces while the seed dataset is small?
* DeepSeek-Prover-V1.5: Harnessing Proof Assistant Feedback for Reinforcement Learning and
Monte-Carlo Tree Search
* RL from Lean feedback + MCTS inference
* DeepSeek-Prover-V2: Advancing Formal Mathematical Reasoning via Reinforcement Learning for
Subgoal Decomposition
* scale up the model size + high-quality CoT traces from subgoal decomposition

* Seed-Prover: Deep and Broad Reasoning for Automated Theorem Proving

* How should we perform TTS for formal math proving?
* TongGeometry: Proposing and solving olympiad geometry with guided tree search
* How should we model a geometry problem?

* Seed-Prover 1.5: Mastering Undergraduate-Level Theorem Proving via Learning from Experience

* As the prover becomes stronger, test-time computation can shift from rigid, hand-designed
search toward model-directed multi-turn reasoning.
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