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Recent AI4Math breakthroughs

•  



5/20: An OpenAI in-house model disproves Erdős’ Unit 
Distance Conjecture

•  



5/20: AI disproves Erdős’ Unit Distance Conjecture

• 值得注意的点：
• 1946 年提出，“可能是组合几何中知名度最高（且最容易解释）的问题”
• 以提出反例的方式证伪猜想



7/20: Fable disproves the Jacobian Conjecture in dimension 3

Problem: 对多项式映射，如果 Jacobian determinant 是非零常数，即映射处处局部可逆，那
么它是否一定全局可逆？

Claude Fable 给出一个显式的七次多项式映射作为反例。



7/20: Fable disproves the Jacobian Conjecture in dimension 3

•  



Recent News
•  

AI is moving from solving benchmark problems 

to discovering, improving, and formally verifying research-level 

mathematics.



AI is moving from solving benchmark problems 

to discovering, improving, and formally verifying 

research-level mathematics.

However…

We do not really know how they achieve this.
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DeepSeek-Prover: Advancing Theorem Proving in LLMs 

through Large-Scale Synthetic Data

2024.5



Motivation

• Why formal language for math?

• the increasing complexity of proofs presents substantial challenges for peer review

• However, crafting formal proofs demands significant effort, specialized expertise, and 

poses challenges even for seasoned mathematicians

• We need automated theorem proving

• the biggest problem? lack of data (mathlib: ~200k theorems)



Preliminary about Math Formal Language

Interactive Theorem Proving in Lean

• A theorem consists of: 
• a formal statement to be proved 
• a proof that Lean can mechanically check 

• During proving, Lean maintains a proof state: current goals + available hypotheses 

• A tactic transforms one proof state into another 

• The proof succeeds when no goals remain

Proof state

What is known + what 
remains to prove

tactic

New proof state

The goal is simplified, split, or 
closed

tactic

no goals



Example: What Does a Lean Proof Look Like?

• P, Q: two propositions

• hP : P: a hypothesis stating that P holds 

• hQ : Q: a hypothesis stating that Q holds 

• Goal: prove P  Q ∧

• constructor: split the goal into P and Q 

• exact hP, exact hQ: solve them using the hypotheses



Example: Proof States

Initial proof state      After constructor      After exact hP      After exact hQ



Overview

• 8 million formal statements: propose a method for generating extensive Lean 4 proof 

data from informal mathematical problems

• translates high-school and undergraduate-level mathematical competition problems into formal 

statements

• automate proof generation using a large language model (LLM)

• verify the correctness of these proofs within the Lean 4 environment

• model trained on this synthetic dataset achieves sota performance (at that time)



Approach

1. Autoformalization
generate formal math statements from 
a broad collection of informal math 
problems (the statements necessitates 
further proof)

2. Model Scoring and Hypothesis 
Rejection
quality filtering

3. Statements Proving 
DeepSeek-Prover proves statements, 
correctness verified by Lean 4

4. Fine-tuning Prover
the verified data serve as synthetic data 
for fine-tuning the DeepSeek-Prover



Autoformalization

• data
• problems with explicit conditions and well-defined goals are typically easier to formalize 

compared to advanced mathematical topics
• this paper focuses on high school and undergraduate-level competition problems, with a 

particular emphasis on algebra and number theory
•  800k high-quality NL math problems

• train a natural language problem translator: finetune DeepSeekMath-Base 7B 
using MMA (comprise formal statements from Lean 4’s mathlib that were back-
translated into natural language problems)

• use the fine-tuned model to translate these natural language problems into 
formal statements



Quality Filtering

The quality of autoformalized statements is suboptimal due to 2 reasons:
1. many formal statements were overly simplistic

use DeepSeek-Prover model to evaluate the content and quality of these statements

2. formal statements that, although provable, are based on inconsistent 
hypotheses leading to vacuous conclusions, rendering the conclusions 
meaningless in mathematics
here is an example

the hypothesis                                                           for all complex numbers is false, making any 
derived conclusions meaningless



Quality Filtering

2. formal statements that, although provable, are based on inconsistent hypotheses 
leading to vacuous conclusions, rendering the conclusions meaningless in 
mathematics

here is an example

the hypothesis                                                           for all complex numbers is false, making any 
derived conclusions meaningless

use the DeepSeek-Prover model to attempt proving the formal statement with False as the 
conclusion:

a successful proof indicates an invalid hypothesis



Quality Filtering

The quality of autoformalized statements is suboptimal due to 2 reasons:
1. many formal statements were overly simplistic

use DeepSeek-Prover model to evaluate the content and quality of these statements

2. formal statements that, although provable, are based on inconsistent 
hypotheses leading to vacuous conclusions, rendering the conclusions 
meaningless in mathematics
try to prove the statement with ‘False’ as the conclusion

 700k high-quality formal statements



Statement Proving
• After quality check, there are still over 20% of the formal statements generated 

by the model are incorrect.
• So there will be significant computational waste if we simply employ the model to 

search for proofs of these statements.
• To minimize resource waste, we implement dual concurrent proof searches for 

each synthetic statement—one for the statement Γ  ⊢ P and another for its 
negation Γ  ¬⊢ P .
• The search terminates as soon as a valid proof is found for either.



Iterative Enhancement

• consistently fine-tune the model with newly generated data
• the theorem-proof pairs generated by the model become increasingly higher in 

quality with each iteration



Experiments

The miniF2F benchmark consists of 244 validation and 244 test problems:

problems from the AIME, AMC, IMO



Ablation

• the effectiveness of iterative enhancement

• the effectiveness of scaling synthetic theorem proving data



DeepSeek-Prover-V1.5: Harnessing Proof Assistant 

Feedback for Reinforcement Learning and Monte-Carlo Tree 

Search

2024.8



Key Improvements beyond V1

• Training: RL from proof assistant feedback (RLPAF)
• Inference: RMaxTS 



Motivation

• language models in formal theorem proving

• proof-step generation

• whole-proof generation

• deepseek-prover v1

• computationally efficient, but…

• requires long-horizon sequence prediction without access to intermediate tactic states



Pretrain

• further pretrain DeepSeekMath

• high quality datasets including both code and natural language math content

• specifically focused on formal language widely used in proof assistants, such as 

Lean, Isabelle, and Metamath

 DeepSeek-Prover-V1.5-Base



SFT

• Data Curation

• develop a comprehensive Lean 4 code completion dataset for the supervised fine-

tuning (~9645k sequences)

• employ an expert iteration process

• generate proofs using the language model  verify the generated proof data  retrain 

the model with the verified data  use the optimized model to generate additional 

proof data

• between each iteration, we use DeepSeek-Coder V2 236B to annotate the thought 

process before the proof code as comments (improve the alignment between natural 

language descriptions and Lean 4 code)



SFT

• Prompt Augmentation with Tactic State Information

• For each tactic in a generated valid formal proof, we insert the tactic state returned 

by the verifier as a comment "/- tactic state: ... -/”

• study two things at a time:

• predict the current proof state

• complete the proof based on the current state



Reinforcement Learning from Proof Assistant Feedback

• Prompts

• In the reinforcement learning stage, we use a subset of theorem statements from the 

supervised fine-tuning dataset as training prompts

• select theorems for which DeepSeekProver-V1.5-SFT has a moderate success rate in 

generating correct proofs upon multiple attempts

• 4.5k unique theorem statements

• Rewards: 0/1 reward from lean verifier

• RL Algorithm: GRPO



Results

• performance of models of different training stages
• RL improves pass@k over SFT; SFT brings the largest performance gain
• CoT mode shows superior performance over non-CoT mode



Inference: Exploration-oriented Monte-Carlo Tree Search

• node: lean tactic state
• edge: tactic



Inference: Exploration-oriented Monte-Carlo Tree Search

•  



Inference: Exploration-oriented Monte-Carlo Tree Search

• Expansion

• resume the incomplete proof codes stored 

on the node for expansion

• perform whole-proof generation to propose 

a series of subsequent tactics

• submit the generated proof to Lean compiler

 terminate, or

 parse the verification feedback and 

truncate the generated proof to the 

assertion of the earliest verification error



Inference: Exploration-oriented Monte-Carlo Tree Search

• Backpropagation

• update value statistics (cumulative rewards & 

visit counts) along the selection trajectory

• newly-added nodes do not get updates



Intrinsic Rewards

• The rewards are extremely sparse: the search agent only obtains non-zero 

rewards when the proof is completely solved.

• The intrinsic rewards:

• Notice: a new node is a new tactic state, not just a line of new string

• Discounted UCB

• The discounting is applied to tree search iterations rather than to the action-step horizon 

within a single trajectory.



Results



DeepSeek-Prover-V2: Advancing Formal Mathematical 

Reasoning via Reinforcement Learning for Subgoal 

Decomposition

2025.7



Recursive Proof Search via Subgoal Decomposition

• Subgoal decomposition: We first prompt DeepSeek-V3 to generate a natural-language 
proof sketch while simultaneously formalizing it into a Lean statement with sorry 
placeholders for omitted proof details. 

• Proof search: A 7B prover model then recursively solves the decomposed subgoals.



Recursive Resolution of Subgoals

• DeepSeek-V3 decomposes the problem into a series of subgoals
• turn each problem into a self-contained lemma (only depending on the original 

assumption from the problem)
• then incorporate preceding subgoals as premises



Curriculum Learning for Subgoal-based Theorem Proving

• both types of problems generated from subgoals (a) + (b) are included into the 
curriculum learning
• 7B prover generate proof -> rejection sampling based on lean verifier -> train the 

prover on the correct proof -> generate next round of proof -> …



Training pipeline for Prover V2
• Cold start by synthetic data

• decompose the problem into subgoal by DeepSeek-V3
• solve each subgoal with a 7B prover trained through curriculum learning
• synthesize CoT data including natural language sketch and formal language proof
• hundreds of high-quality synthetic cold-start data through difficulty control: unsolved 

by 7B prover end to end, all decomposed subgoals have been successfully resolved



Training pipeline for Prover V2

1. Expert Iteration
• base model generate proof -> filter via rejection sampling -> train the model with 

self-generated trace -> further generate proof
• process like DeepSeek-Prover-V1
• main distribution is larger data coverage

2. SFT
• SFT DeepSeek-V2-Base with:

• non-CoT data collected through expert iteration
• cold start CoT data described before
• each has different guiding prompt to enable mode switching

3. RL
• GRPO, binary reward by lean
• incorporate a consistency reward in the early steps of training, penalizing the 

structural misalignment



Results

• new SoTA results 
on miniF2F



Results on Undergraduate-level Benchmarks

• ProofNet (~371 samples): drawn from a range of popular undergraduate pure 
mathematics textbooks, covering topics such as real and complex analysis, linear 
algebra, abstract algebra, and topology
• PutnamBench (~658 samples): a continuously updated benchmark featuring 

undergraduate competition mathematics problems



Reward Hacking

• A Lean 4.9.0 UI bug caused 

apply? to conceal 

unresolved proof obligations, 

allowing the 7B prover to 

exploit incomplete proofs that 

were mistakenly accepted and 

rewarded as valid.



Seed-Prover: Deep and Broad Reasoning for Automated 

Theorem Proving

2025.8



Overview

• Seed-Prover

• lemma-style proving

• iterative proof refinement

• test-time scaling

• SOTA performance

• Seed-Geometry

• like AlphaGeometry & TongGeometry

• forward-chaining

• backward-tracing



Lemma-Style Proving

• lemmas can be processed independently and combined freely
• lemmas from different inference trajectories can be combined to address more 

challenging problems



Test-Time Scaling

• Light mode: 
• generate whole proof  lean compiler  if fail, self-summary  continue generating
• each round of generation, the model sees: 

• original problem 
• previous failed proof 
• Lean compiler feedback 
• self-summary

• dominant behaviors
• fix syntax errors
• refines initial proof sketch



Test-Time Scaling

• What if there is a difficult lemma which requires iterative refinement?
• Medium mode: 

• outer loop: refine the whole proof
• inner loop: targets difficult lemmas that the outer refinement process generates but fails to prove
• update the inner loop information into the context



Test-Time Scaling

• What if it’s hard for model to even 
come up with the correct lemma? 
 breadth
• Heavy mode: 

• the proposer generates thousands of 
conjectures (by default 5000) to 
populate the conjecture pool

• Seed-Prover tries to prove or 
disprove every conjecture in the 
conjecture pool using the light 
setting

• Successfully proved conjectures are 
moved into the lemma pool

• Seed-Prover leverages the lemma 
pool and Lean compiler feedback to 
refine the proof attempts



Test-Time Scaling

• What if it’s hard for model to even 
come up with the correct lemma? 
 breadth
• Heavy mode: 

• Additional conjectures are proposed 
based on proved lemmas

• After days of thinking, the lemma 
pool accumulates several thousand 
nontrivial math facts

• Each lemma is scored based on its 
proof rate, semantic relevance, and 
proof length

• take hundreds of the top-ranked 
lemmas to help Seed-Prover finish 
the proof of the main problem using 
the medium inference setting



Training

• multi-stage, multi-task RL based on VAPO
• binary reward based on lean compiler, formatting penalty to encourage the 

model to generate lemmas before attempting the main theorem
• to enhance the model’s adaptability within the inference strategy: randomly 

incorporates natural language hints, natural language proofs, similar lemmas, 
proved lemmas, failed lemmas, failed attempts, summaries of previous attempts, 
and Lean compiler feedback into the prompt



Seed Geometry

Seed-Geometry largely builds on TongGeometry, with the following modifications:
• uses a stronger LLM backbone
• uses a goal-agnostic policy and removes the value model
• rewrites the reasoning engine backend in C++ for higher efficiency
• supports a broader set of high-level construction actions



Performance

• MiniF2F-Test



Performance

• IMO 2025: Post-competition: proved 5 out of 6 problems
• P1: fully proved after an additional 4 days of search 
• P2 (Geometry): solved by Seed-Geometry in 2 seconds 
• P3: solved after 3 days of reasoning (~2000 lines of Lean code) 
• P4: solved after 3 days of reasoning (~4000 lines of Lean code) 
• P5: solved within 1 day, using a proof different from the public human solution



Proposing and solving olympiad geometry with guided tree 

search (TongGeometry)

2025.8



Geometry as a Markov Process on a Finite Tree

•  



Construction Sequence vs. Proof Sequence

•  



Construction Sequence vs. Proof Sequence

•  



Theorem Proving and Problem Proposing as 
Forward/Backward Processes
• Forward process — Theorem Proving: problem context  add auxiliary constructions  forward 

chaining  derive new facts  goal reached

• Backward process — Problem Proposing: complete geometric construction  trace proof 
dependencies backward  hide auxiliary constructions  context + goal



Actor-Critic-Style Guided Tree Search

• Given a geometry problem:
• Policy Model

• proposes candidate next auxiliary constructions 
• “What should I construct next?” 

• Value Model
• estimates the remaining number of actions 
• “How promising is this path?” 

• Reasoning engine 
• executes constructions 
• performs symbolic deduction to closure 

• Heap buffer 
• keeps only the most promising search states



How do we train the policy/value 
model?
Massive geometry search
• 196 Olympiad problems provide the statistical prior 

• categorize all valid actions
• sample a category according to the distribution of Olympiad problems
• then random sample the action

• 10,368 CPU cores × 30 days 
• 6.7B geometry problems 

• Training data format: (Context, Goal, Auxiliaries)
• Policy training target: given context + goal, predict the auxiliary sequence
• Value model target: given context + goal + current auxiliaries, predict remaining steps
• DeepSeek-Coder-1.3B-Instruct as the starting point

Category
generating 

depth
action type

self-
symmetric

C1 2 Intersect Yes

C2 3 Intersect No

C3 3
Perpendicula

r
Yes

C4 4 Circle No

C5 4 Midpoint No



Results: Proving

• Key difference between 
AlphaGeometry & TongGeometry

• AR: Algebraic Reasoning



Results: Problem Proposing

• 10 generated problems were submitted for expert evaluation

• 1 problem selected for 2024 Beijing National High School Mathematics League / 
national team qualifying competition 

• 2 problems shortlisted for 2024 US Ersatz Math Olympiad 



Seed-Prover 1.5: Mastering Undergraduate-Level Theorem 

Proving via Learning from Experience

2025.12



Seed Prover 1.0  1.5

1. Prover paradigm

Whole-proof-centric lemma-style reasoning → multi-turn agentic proving with tool 

interaction

2. Training

RL mainly for formal reasoning → agentic RL that learns tool-use strategies from Lean 

feedback

3. Test-time scaling

Deep/broad refinement and search → hierarchical structure: NL → Lean sketch → 

recursive subgoal solving



Agentic Prover

• Tools: Lean verification, Mathlib search, Python execution
• Lean: permit the model input a lemma at each time instead of a whole proof
• Mathlib search: embedding-based retrieval to identify relevant theorems



Agentic Prover

• Lemma
• Once a lemma is successfully compiled, it is cached in memory and reused in subsequent 

reasoning steps, eliminating the need to regenerate previously verified code.



Post-training of Agentic Prover

• cold start
• start from Seed-Prover 1.0
• further post-train the model as an agentic tool-use model tailored in LEAN environment
• construct in-house synthetic training data and use it to perform SFT

• RL training
• control difficulty: exclude samples which are either too easy (pass ratio > ¾ under light 

inference setting, which allows self-refinement for 8 times) or too hard (pass ratio = 0)
• VAPO & ReTool



Sketch Model

Motivation

• Natural-language provers are strong at 

high-level mathematical reasoning 

• Directly formalizing a complex 

theorem may require thousands of 

lines of Lean 

• Idea: use NL reasoning to guide sketch 

model to perform decomposition 

before formal proving



Train the Sketch Model with Rubric RL

Two complementary signals

• Formal / structural: Lean checks whether the 

sketch can assemble the original theorem, 

treating helper lemmas as sorry 

• Semantic / decomposition quality: NL prover 

+ LLM rubric check whether the lemmas are 

actually correct and useful



Test-Time Workflow

1. Natural Language Prover: initialized from 

DoubaoSeed-1.6, which generates rigorous, 

lemma-style natural language proofs to guide the 

formalization. 

2. Sketch Model: A translation agent trained to 

convert natural language proofs into lemma-style 

Lean sketches, effectively bridging the gap 

between informal reasoning and formal syntax. 

3. Agentic Lean Prover: The tool-integrated agent 

responsible for verifying every individual lemma.



Performance (agentic prover only)

• PutnamBench: undergraduate-level mathematical problems, consists of 660 problems 
from the William Lowell Putnam Mathematical Competition (from 1962 to 2024

• FATE: 
• FATE-H contains 100 problems at the level of honors course exams or graduate-level 

difficulty
• FATE-X contains 100 problems at the level of PhD qualifying exams or beyond



Performance

• CombiBench: specifically centered on combinatorial problems, where the 
problems often involve newly-defined concepts



IMO 2025
• [Seed-Prover-1.0] IMO 2025: Post-competition: proved 5 out of 6 problems

• P1: fully proved after an additional 4 days of search 
• P2 (Geometry): solved by Seed-Geometry in 2 seconds 
• P3: solved after 3 days of reasoning (~2000 lines of Lean code) 
• P4: solved after 3 days of reasoning (~4000 lines of Lean code) 
• P5: solved within 1 day, using a proof different from the public human solution

• [Seed-Prover 1.5]
• “While Seed-Prover 1.0 required "Heavy" mode to solve 5 out of 6 problems, Seed-Prover 

1.5 achieved the same solve rate using compute resources comparable to the 1.0 
"Medium" setting (20 H20-days/problem)”



Takeaways

• DeepSeek-Prover: Advancing Theorem Proving in LLMs through Large-Scale Synthetic Data
• How can we collect large-scale data & CoT traces while the seed dataset is small?

• DeepSeek-Prover-V1.5: Harnessing Proof Assistant Feedback for Reinforcement Learning and 
Monte-Carlo Tree Search
• RL from Lean feedback + MCTS inference

• DeepSeek-Prover-V2: Advancing Formal Mathematical Reasoning via Reinforcement Learning for 
Subgoal Decomposition
• scale up the model size + high-quality CoT traces from subgoal decomposition

• Seed-Prover: Deep and Broad Reasoning for Automated Theorem Proving
• How should we perform TTS for formal math proving?
• TongGeometry: Proposing and solving olympiad geometry with guided tree search

• How should we model a geometry problem?

• Seed-Prover 1.5: Mastering Undergraduate-Level Theorem Proving via Learning from Experience
• As the prover becomes stronger, test-time computation can shift from rigid, hand-designed 

search toward model-directed multi-turn reasoning.
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